Acx:. 




M c. C 






jHtttucn'i jtienograplK on jdtprtwl 
General Editor: D. L. WoRSNOPp D.Bc., Ph.D, 



COSMOLOGICAL THEORY 



UBTHUBirS MONOGRAPHS ON PHYSICAL SUBJECTS 

KUtm ; B. 1L W uja ao*^ H.BA, nux 


APPLETON, SIR BDWAAD 
ARHOrr, F. L. 

‘ HSBCHlIfa, R. 

brahApord^ f. 

CaAPkfANi s. 

CffTM W, H. J. 

DDCOLB, H. 

EHELRUSL X. O. 

FftVRB, B. J. W. LB 
FUWT, H_ T. 

FRANCIS, V. J. 

FRAHBR, R. G. J. 

KAGUB, a 

H1RSCHLAPP, a 
JACKSON, U 
JACKSON, L. C. 

JACKSON, WnXlF 
JACOB, L. 
lAlfBS, a W. 

JOHNSON, a C. 

JONBS, T. J. 

JQBBPH8, K J. 

ENUDSEN. UAJrriN 
LAUONtNaL. 

IfaCRRA, W. H. 

UdvnnB, G. c. 

UANN, w. a 
QAUBY, C. W. 

OWBN, O. 

PORTRR, A. W. 

PORTER, A. W. 
RAlCLlFFa J. A. 

SAKR X. toad 

pmmfcK, F, a 
BCHONLANI^ a P. J. 
SOUtfEa A. 

ETUNKR, a C 
ETYLa a W. G. 
8UTHBRLAND, G. a R M. 

surroM, a c. 

™sauV>" 

TEAOQl F. J> 

TEHPLa O, 

TOLANHKY, & 

WRira F. W. C, 
WILLIAHR W. a 
WILSON, A. J. C. 
WORSNOP, a L. ud 
CHALfa^lNTP. C. 


THERMIONIC VACUUM TUBBS 
GOLUBION PROCESSES IN OASES 
BLKCTROH DlFFRACnON 
magnetic materials 
thb bahth*8 magnetism 
PHYSICAL CONSTANTS 
THB SPBOAL THEORY OP RHLATTVITY 
THB CONDUCTION OF ELECTRICITY 
THROUGH GASES 
dipole moments 

WAVS MECHANICS 

FUNDAMENTALS OP DISCHAROE TUBS 
CIRCUITS 

mdlbcular drams 

an introduction to VECTOR ANALY¬ 
SIS FOR PHYSICIEIS AND BNOINKKRS 

fluorbscsncs and phosphorescknce 

LOW TBMPBRATURB PHYBICa 
WAVE FILTERS 

HIGH FREQUENCY TRANSMISSION LIKB8 

KiaK VOLTAGE PHYSICS 

X-RAY GHVEFAULOGRAPHY 

ATOMIC BPXCTRA 

THERMIONIC EMI8BI0N 

H^VlSmES ELBCTRIC aRCUlT THEORY 

THB KINBTZC THEORY OP OASES 

WAVE OUmBS 

RSLATTVTTY PHYUCS 

GQSMCaOGICAL THEORY 

THE CYCLOTRON 

WIRELESS RBCUVERS 

ALTERNATING CURRENT MBASUREMBN1S 

THE METHOD OF DIMENSIONS 

THERMroYNAMICa 

THB PHYSICAL PRINCIPLES OF WIRELESS 

the M.lLS.'SYErBM OP ELECTRICAL UNITS 

ATMOSPHERIC ELBCnuCTTV 

PHOTOELECTRIC CELLS 

MAGNETISM 

PHOTOCHKMIHrRY 

INFRA-RED AND RAMAN SRCTRA 

ATMOSPHERIC TURBULENCE 

MERCURY ARCS 
THB COMMUTATOR MOTOR 
THB GENERAL PRINCIPLSS OF QUANTUM 
THEORY 

HYraUHNE BTRUCTUBE IN UNB 
SPECTRA AND NUCLBAR SPIN 
ELBCTROMACNEnC WAVES 
APPLICATIONS OF INTERFEROMETRY 
X-RAY OPnCB 

X-RAYS 



COSMOLOGICAL 

THEORY 


G. C. McVITTIE 

M.A., P11.D.. F.R.A, 3 . 

PiDfenor of Mathonadct in the Unlvenlty 
of London, Quean Maty College 




METHUEN & CO. LTD. 
36 ESSEX STREET W.C. 
London 


IIA Lib.. 




First published 
Second edition 


October yth 1937 
1949 


CATALOGUE NO. 4OO5/U 


PRINTED IN GREAT BRITAIN 



PREFACE 


C osmological theory is that branch of 
physics which deals with the structure of matter 
in its most bulky and massive state, the whole physical 
universe being regarded as a single system whose 
broad features are to be investigated. The subject is 
necessarily highly mathematical, but, in this intro¬ 
ductory account, attention has been concentrated on 
those developments most easily comparable with 
observation to the exclusion of others of a purely 
mathematical interest. The first four chapters are 
concerned with the observational material, with the 
tensor calculus and with the expanding universes of 
general relativity. In the last chapter. Professor E. A. 
Milne’s kinematical theory of the universe is de¬ 
veloped in a way different from that used by its dis¬ 
tinguished author. The theory is thereby generalized 
to any Riemannian space and, at the same time, the 
points in which it resembles, as well as those in which 
it differs from, general relativity are perhaps more 
clearly brought out. 

It is hardly possible to give detailed references to 
the three standard works on this subject to which 
every writer must of necessity be heavily indebted. 
Sir A. S. Eddington’s Mathematical Theory of Rela^ 
tivity (2nd ed., 1924 ), Professor R. C. Tolman’s 
Relativity, Thermodynamics and Cosmogony ( 1934 ) and 
Professor E. A. Milne’s Relativity, Gravitation and 

V 



vi COSMOLOGICAL THEORY 

World-Structure (1935), do not therefore appear in 
the short bibliographies given at the ends of the chap¬ 
ters. These contain references to sources of additional 
information and to detailed investigations on special 
points. No attempt at compiling a comprehensive 
bibliography has, however, been attempted. 

It is a pleasure to thank Professor G. Temple who 
kindly read the manuscripts and made many valuable 
suggestions and criticisms. To Sir A. S. Eddington 
and to Professor E. T. Whittaker I owe a no less 
heavy, if more general, debt. It is to their teaching 
that my acquaintance with cosmological theory is due 
and it is their ideas which have most deeply coloured 
my own outlook. 

G. C. McV. 

March J937 


PREFACE TO SECOND EDITION 

T he opportunity has been taken, in reprinting the 
1937 edition, of correcting a number of minor 
errors and misprints. Imperfect though the book 
may be, I have not attempted a major revision which 
could not profitably be made without observational 
data from the 200-inch telescope, whose construction 
has been so long delayed by the war. 

G. C. McV. 


December ig48 
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CHAPTER 1 

THE EXTRA-GALACTIC NEBULAE 

D uring the last thirty years two distinct generaliza¬ 
tions of classical mechanics have been developed. On 
the one hand there is the quantum theory, concerned with 
atomic phenomena ; on the other hand, general relativity, 
describing the phenomena associated with bodies of large 
mass. Modern cosmological theory deals with the system 
of the extremely massive extra-galactic nebulae and its 
subject-matter is the structure of the universe as a whole. 
Having arisen as a branch of general relativity, cosmology 
has since reacted on mechanics and has suggested new 
generalizations of classical Newtonian theory differing from 
both general relativity and quantum theory. 

THE EXTRA-G.\LACTIC iNEBULAE 

The name extra-galactic nebulae is given to certain faint 
telescopic objects some of which can be resolved into 
separately visible stars surrounding what appears to be a 
mass of glowing gas. These systems are usually of ‘ spiral ^ 
form, consisting of a disk-like distribution of stars arranged 
in trailers or winding arms around the central gaseous core, 
the whole having the appearance of a rotating body. 
Amongst the nebulae in general, the spirals preponderate 
in the ratio of three to one, the rest being of spherical, 
elliptical, or irregular shape. It is believed that the latter 
types also consist of stars although no spherical or ellip¬ 
tical nebula has actually been resolved. Sometimes it 
happens that a spiral nebula is presented to us ‘ edge on \ 
It is then frequently observed that a thin band of obscur- 
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2 COSMOLOGICAL THEORY 

ing material occurs in the equatorial plane of the nebula > 
cutting off all the light from those parts of the nebula 
which lie behind it. 

In spite of the appearance of rapid rotation presented 
by spiral nebulae, the angular velocities ^ of only three of 
them have proved measurable spectroscopically with any 
certainty. 

STELLAR MAGNITUDES AND DISTANCES 

The first problem connected with the extra-galactic 
nebulae is the determination of their distances. Funda¬ 
mentally there is only one method available, viz. the 
identification in the nebula of stars of known brightness, 
or ‘ luminosity and a comparison of the apparent with 
the true luminosities of such stars. As a preliminary it 
is therefore necessary to explain how the luminosity of a 
star is measured and how a knowledge of the luminosity 
leads to an evaluation of its distance. 

The app^ent brightness of a star may be measured by 
comparing it visually with an artificial star or with a set 
of fundamental stars. It is measured by a number called, 
the apparent visual magnitude of the star and the scale 
•of r nagn itudes is arranged so that a first-magnitude star 
is Vioo or 2-512 times as bright as a second-magnitude 
star and so on, the ratio between each successive magni¬ 
tude being the same. The result of this system is that 
really bright objects have negative apparent magnitudes, 
the full moon being of apparent visual magnitude — 12*5, 
Sirius — I'58, whilst the Pole Star is of apparent visual 
magnitude 2*0 approximately. The spiral nebulae with 
which we shall be concerned have apparent magnitudes 
lying between -j- 4 and -|- 21. Similarly a photographic 
apparent magnitude is defined by reference to the relative 
diameters, or the degrees of blackness, of the images of 
starsj^n the photographic plate when exposures of equal 
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so that stars of a certain spectral type have the sahie mag¬ 
nitude in each. Stars of other types then show systematic 
differences which need not concern us here. Throughout 
this book we shall understand all magnitudes to be photo¬ 
graphic. 

The apparent magnitude of a star must clearly depend 
on its distance as well as on its intrinsic luminosity. We 
therefore define an absolute magnitude as the apparent 
magnitude the star would have if it were placed at a dis¬ 
tance of 10 parsecs from the Sun. This unit of distance 
is related to the more familiar light-year and to the ordinary 
units of distance by 

I parsec = 3-258 light-years = 1-92 X miles 

== 3-08 X 10^® cm. . . (i.i) 

A star distant one parsec would subtend an angle of one 
second of arc when viewed from the two extremities of a 
radius of the earth’s orbit. We can relate the apparent 
magnitude, m, of the star with its absolute magnitude, M, 
and its distance in parsecs, D, as follows. Let be the 
total quantity of energy received per second in a beam of 
light from a star and let Eq be the corresponding quantity 
from a star of zero apparent magnitude. Let also E be 
the energy which would be received if the star had been 
at a distance of 10 parsecs. Then by the definition of 
apparent magnitude, we have 

£'o/^m = (2*SI2)W» .... (1.2) 

and, by the inverse square law for the diminution of light 
intensity, 

EJE=ioyD^^ .... (1.3) 

Hence from (1.2) 

m == 2-5 login (Ea/E,,,), 
and M = 2-5 logm {EJE). 

We therefore obtain 

M—m = 2-5 login {Em/E) = 5 logm (lo/Z)) 
and finally 

login E> — o- 2 {m — M) + I . . . (1.4) 
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THE CEPHEID STARS 

The formula (1.4), since it required a knowledge of the 
absolute magnitudes of the stars involved in the extra- 
galactic nebulae, was of little use for the determination of 
nebular distances until a remarkable discovery made in 
1912 opened up the way to further advances. In the 
southern heavens there are two irregular nebulae, the 
Magellanic Clouds, which are easily resolved into stars by 
telescopes of moderate power. It was observed ^ that 
they contained large numbers of a certain kind of variable 
star, called ‘ Cepheid ’ after the star S Cephei of this char^ 
acter which belongs to the same nebula as does the Sun. 
The brightness of a star of this kind varies through a fixed 
range of magnitude with a fixed period and the rise and 
fall in brightness is of a peculiar and easily recognized 
kind. Observation revealed that the Cepheids in the 
Magellanic Clouds, whose periods ranged from fifteen 
hours to over one hundred days, exhibited a close corre¬ 
lation between the period of, and the average apparent 
magnitude during, the fluctuation of brightness. Since 
the two nebulae are very faint, it is clear that the stars they 
contain must all be at approximately the same very great 
distance from the Sun. Thus the differences of average 
apparent magnitude must be due to differences of intrinsic 
brightness. It follows that t/ie period of a Cepheid variable 
must be correlated with its average absolute magnitude. 
Assuming that all Cepheids possess this property, the 
coefficients of the correlation can be fixed by calculating 
the distances of those Cepheids which are, astronomically 
speaking, near the Sun. It has been found possible to do 
this by methods independent of absolute-magnitude 
criteria. A ‘ period-luminosity ’ curve is then drawn in 
which absolute magnitude is plotted against period of 
light fluctuation. From this curve the absolute magnitude 
of any newly discovered Cepheid whose period has been 
determined can be read off. Its distance is then calcu¬ 
lated by means of (1.4) from the observed apparent mag¬ 
nitude. 
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In addition to Cepheids, variable stars of other types 
have been found in the Magellanic Clouds. The absolute 
magnitudes of such stars are also roughly known and serve 
to check the distances found by the Cepheids. Some 200 
stars of known absolute magnitude have thus been located 
in the Small Magellanic Cloud alone. Its distance from 
the Sun proves to be 2-9 x 10^ parsecs, whilst its com¬ 
panion, the Large Magellanic Cloud, is a little closer to 
us at 2*62 X 10^ parsecs. 

Unfortunately, Cepheid stars have been found in only 
ten nebulae so far, including our two nearest neighbours, 
the Magellanic Clouds. The most distant nebula of this 
group, the nebula M 81, lies at 7-3 x 10® parsecs. Two 
important deductions are made from these observations : 
(i) that the absolute magnitude of an average nebula is 
— 14*2 ; (2) that the absolute magnitude of the brightest 
stars involved in a nebula is always very nearly — 6*12. 

NEBULAR DISTANCES 

When individual types of stars can no longer be iden¬ 
tified in the nebula but stars as such can still be seen, 
resort is made to the assumption that stars have a maxi¬ 
mum luminosity. This is in accordance with present-day 
theories of stellar constitution and also with the empirical 
result found for the ten nearby nebulae. The distances 
of some 135 more nebulae have thus been calculated from 
the apparent magnitudes of their brightest stars, using 
(1.4) with M =: — 6-12. From the distances of nebulae 
of this group and their apparent magnitudes it is again 
deduced that the average absolute magnitude of a nebula 
is — 14*2. The most distant nebulae to which this method 
has been applied are those belonging to a cluster in the 
constellation Virgo. They lie at 2-34 x 10^ parsecs, the 
error in this value being estimated at 15 per cent. 

For still greater distances, when stars can no longer be 
seen separately in the nebula, the only available method 
is to assume that the average absolute magnitude of the 
nebula is — 14*2 and to deduce the distance directly from 
(1.4) using the apparent magnitude of the nebula itself. 
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This procedure is only applicable with any certainty to 
nebulae which, owing to their proximity and to their small 
spread in apparent magnitude, evidently form physically 
connected groups. The most frequent apparent magni¬ 
tude in such a cluster of nebulae is then likely to corre¬ 
spond to absolute magnitude — 14-2. In twenty-five 
clusters of nebulae studied by Shapley the maximum dis¬ 
tance was 33 X 10® parsecs. 

The faintest nebulae visible with the loo-inch telescope 
at the Mount Wilson Observatory have apparent magni¬ 
tudes of about +21. Their distances would thus be of 
the order of no x 10® parsecs. 

THE GALAXY AND THE DIMENSIONS OF NEBULAE | 

The Cepheid period-luminosity curve also serves to 
indicate the dimensions of the Galaxy, the nebula to which 
the Sun himself belongs. This nebula contains all stars 
visible to the naked eye, the stars of the Milky Way, &c. 
The Galaxy appears to be a large, irregular spiral near to 
whose equatorial plane the Sun lies. Looking along this ^ 
plane, the main bulk of the galactic stars are seen in pro- i 
jection as the Milky Way. The Galaxy also contains a . 
great deal of the dark obscuring material which is, as we 
have seen, a feature of other spirals. This material be- ^ 
trays its presence by the sudden gaps or dark spaces occur¬ 
ring in the Milky Way and in the almost complete absence 
of extra-galactic nebulae in that region of the sky. 

From a study of galactic Cepheids it is concluded that 
the length of the equatorial diameter of the Galaxy is at 
least 3 X 10^ parsecs and that of its transverse diameter | 
at the widest part is 2*5 X 10^ parsecs.® These dimen¬ 
sions, however, include widely scattered outlying clusters 
of stars : the main bulk of the galactic population lies 
near to the equatorial plane in a more restricted region of 
space. 

There is definite evidence, obtained from the individual, 
or ‘ proper ’, motions of the so-called ‘ fixed ’ stars, that 
the Galaxy is rotating. The Sun, which is believed to 
lie at some i*6 X 10^ parsecs from the galactic centre, is 
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moving as a result with a velocity of 300 km./sec. The 
period of rotation of the Galaxy is estimated at 10® years. 
Other spirals are believed to have comparable periods and 
it is therefore not surprising that their angular velocities 
have proved difficult to measure. 

For a long time after the distances of the extra-galactic 
nebulae had been determined it was believed that they 
fell far short of the Galaxy in size. More accurate densi¬ 
tometer measurements ® have recently suggested that this 
was a false conclusion due to too much emphasis having 
been laid on the brighter equatorial regions of the nebulae. 
The faint outlying clusters of stars, which are always 
included in measuring the Galaxy, would be barely visible 
at the distance of even the nearest spiral nebula. The 
revised dimensions of the Andromeda nebula are now 
given as 1*94 X 10^ and 1*71 x 10^ parsecs. But it is 
nevertheless true that small nebulae are exceedingly numer¬ 
ous. Diameters of 9000 parsecs (Messier 60) and 5500 
parsecs (Large Magellanic Cloud) are not uncommon. 

DISTRIBUTION OF NEBULAE IN SPACE 

It is estimated that the number of nebulae visible in 
modern telescopes runs into millions. The surveys so 
far. carried out reveal the existence of numerous clus¬ 
ters ^ of nebulae some of which have hundreds of mem¬ 
bers. The Coma cluster contains 500 nebulae all within 
a sphere of radius 2*5 X lo® parsecs. In a cluster, the 
nebulae must be within each other’s gravitational attrac¬ 
tion and so may be regarded as physically connected sys¬ 
tems rather than as chance momentary collections. But, 
on the other hand, the distribution of nebulae taken as a 
whole presents every appearance of being a random one. 
Apparent magnitude being taken as a rough criterion of 
distance, there is a uniform large-scale distribution in 
which the clustering appears as a random unevenness. 

A survey ® of the distribution of nebulae recently (Jan. 
1937) completed at the Mount Wilson Observatory has, as 
will be shown later, important bearings on cosmological 
theory. On some hundreds of photographs of representa- 
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tive regions of the sky, a count was made of the numbers 
of nebulae with apparent magnitudes not greater than each 
of the five successive limiting values 

m= 18-47, 19, 19-4, 20, 21-03. 

The result of these observations is summarized in the 
formula 

logii) = 0-501'” — 2758 • ■ • (i-s) 

in which N is the number of nebulae over the whole sky of 
apparent magnitude ^ m. It is believed to be accurate to 
within the probable errors of observation which, however, 
are necessarily large. The chief source of uncertainty is 
in the limiting magnitudes, which lie near the threshold 
of visibility even with the loo-inch telescope. However, 
it appears unlikely that a more accurate formula will be 
available until the 200-inch telescope, now under con¬ 
struction in America, comes into use. 

MASS OF A NEBULA 

A study of theiiynamics of the Virgo cluster of nebulae 
has led Sinclair Smith ® to the conclusion that an average 
nebula of this cluster, which has several hundred mem¬ 
bers, has a mass equal to 2 x 10^^ times that of the Sun. 
On the other hand, the dynamics of a single rotating nebula, 
together with the two or three observed angular velocities, 
indicate a mass of 10® times ^ that of the Sun. Since the 
Sun’s mass is 1-983 X 10^^ gr. this gives 2 X gr. for 
the mass of an average nebula. With this value of the 
mass, which is the one usually accepted, Shapley has calcu¬ 
lated that if all nebulae within distances corresponding to 
m = -f- 13 were disintegrated and then evenly spread out 
in the corresponding volume of space, the average density 
of matter would be of the order of lo”^® gr./cm.^ 

DISPLACEMENT OF THE SPECTRAL LINES 

The most remarkable phenomenon presented by the 
extra-galactic nebulae is a displacement of their spectral 
lines towards the red end of the spectrum. This ‘ red- 
shift ’ is independent of wave-length and has all the char- 



THE EXTRA-GALACTIC NEBULAE 


9 

acteristics of a Doppler effect due to a velocity of reces¬ 
sion.® It is a very v^ell-marked and easily observed 
phenomenon. With the loo-inch telescope and a spectro¬ 
graph of small dispersion (418 A/mm. at A = 4500), it 
is possible to photograph the spectra of nebulae as faint 
as the 18th apparent magnitude. Four lines i/, Hd 
(A 4101) and the G band (A 4303-14) are usually clearly 
shown and determinations for over 170 nebulae are now 
available. Denoting by d the displacement in wave- 
dX 

length A, we have whilst the corresponding Dop¬ 

pler velocity, v, is given by 

V ^ cd 

where c is the velocity of light. Plotting logio ^ in 
km./sec.) against the apparent magnitude of the nebula 
observed, Hubble and Humason up to 1934 gave the 
relation*^’^ between these quantities as 

logic V ” 0'2m + 0-507 ih 0-012 . . (1.6) 

This formula has now (1937) been revised owing to the 
accumulation of some further data. Unfortunately, the 
new formula contains the apparent magnitude corrected for 
red-shift. This correction is intended to allow for the 
diminution of brightness due to the displacement of the 
spectrum. But the correction-formula employed is a 
theoretical one whose use would be fully justified only if 
the nature of the universe and the curvature of space, which 
are the very problems we are trying to investigate, were 
• already known. Hubble’s new formula is 

logic V -= O'zmc + 0-77 . . ,. (1.7) 

where is the corrected magnitude. In its general efect 
the correction diminishes m whilst leaving v unaltered. 
Hence part at least of the increase in the constant term 
in (1.7) as compared with (1.6) is compensation for the 
correction and is not due to the use of new observational 
material. We shall therefore not be far wrong in assum¬ 
ing that, in the relation between logi,, v and uncorrected 
apparent magnitude^ the constant term cannot be less than 
0-51 nor greater than 0-77. 

2 
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We also remark here that formulae (i.6) and (1.7) ar< 
deduced essentially for nebulae of apparent magnitudes 
between 10 and 17 which are presumably nearer to th< 
Galaxy than the faint nebulae included in large numbers 
in the material from which the distribution formula (i*S] 
was derived. 

Using (1.6) and (14) we obtain 

logio (p/D) = o-zM — 0-493 . . (i .8] 

But M = 2*5 log Eq — 2*5 log E. 

Hence logio (V^) = {constant) — 0-5 logio E 

V-' constant 

There is therefore a linear relation between velocity and 
distance, D, since it seems fairly certain that the luminosity 
of all nebulae is statistically constant so that E is the same 
for all. The name velocity-distance relation is therefore 
given to the formula (1.6). Introducing M= —14-3, 
D = 10® into (1.8), we obtain 

= 465 km./sec. per 10® parsec . . (1-9) 

On the other hand, using the maximum value, 0*77, of 
the constant term in (1.6) we obtain 

® = 851 km./sec. per lo® parsec . (i.io) 

The average velocity of recession of the nebulae may h>e 
regarded as lying within these limits. 

Expressed in terms of the Doppler shift, ( 5 , the velocity- 
distance formula (1.6) is 


logjo 3 = 0-2W — 4-967 4 : 0*012 . , (i.ri) 

or, using the maximum value of the constant term, 

logio<5 = 0-27W — 4-707 . . . (l.I3) 

The rat^ of increase of d corresponding to the velocities 
^1.9) and (i.io) are respectively 


dd — 1*6 X 10 ^/lo® parsec 
dd = 2-8 X lo-yio® parsec 


(1-13) 

(1.14) 
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COSMOLOGICAL THEORY 

With this brief survey of the observational material w-e 
turn to the theoretical aspects of the structure of the 
universe. We shall endeavour to show how a large-scale 
uniform distribution of nebulae is compatible with a 
velocity-distance relation and also how the observed dis¬ 
tribution law can be used to analyse the character of space 
itself. Our first step, however, must be to acquaint our¬ 
selves with the tensor calculus and with generalized 
differential geometry. 
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CHAPTER II 


THE TENSOR CALCULUS 

RIEMANNIAN SPACE 

I N the ordinary space of three dimensions each point 
can be specified by three co-ordinates such as the 
three Cartesian co-ordinates The distance? 

between two neighbouring points x^^ :c^) and H- dx^i ' 
-f- dx^j + dx^) is du where 

du^ ^ (dx^Y{dx^Y + (dx^Y . . (2.1) 

It is possible to generalize this idea of space in two ways. 
Firstly, we can suppose space to have n dimensions in-1 
stead of three. This will mean that each point of space' 
will require n co-ordinates . x^) to specify it 

completely. We denote these co-ordinates collectively by 
(x). Secondly, we can suppose that the distance, ds^ 
between two neighbouring points {x) and {x + dx) is given 
by 

n 

ds^ = S gpq(x)dx^dx9 . . . (2.2j) 

where the gpg are functions of the co-ordinates (x) and 
may therefore vary from point to point. These functions 
are symmetrical in their indices so that gpq = gqp^ (p, 
^ = I, 2, . . . n). ' 

A space of n dimensions in which the distance hettoeen 
neighbouring points only is defined a priori is called a Rie- 
mannian space and the expression (2.2) is called the 
metric. It will be noticed that ordinary three-dimen- 

* The indices i, 2, 3 serve to distinguish the three co-ordinates 
from one another. The square of ac* will be written (a?®)®. 
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sional space falls under the category of Riemannian space, 
since (2.1) is the special case of (2.2) in which 

^11 ” ^22 ” ^33 ^ I 

and ^12 = ^23 ~ ^31 ~ o. 

The functions gpq, called the coefficients of the metric, 
are not necessarily positive, but it is always assumed that 
the determinant 


g = 

^11 

gl2. . . 

gin 


^21 

g22 

g2n 



gn 2 

gnn 


is never zero. 

The quantity ds we shall call the interval. 

TRANSFORMATIONS OF CO-ORDINATES 

Fixing our attention on some point of a Riemannian 
space we may irriagine that the co-ordinates by which the 
point is described are altered in some way. A simul¬ 
taneous change of description of all the points of the space 
from co-ordinates (a:) to co-ordinates {%') is called a trans¬ 
formation of co-ordinates and is defined by a set of n 
equations 

x^r . xn) (r = I, 2, . . n) . (2.3) 

We impose the restriction on the functions /** that they 
are soluble for the (x) in terms of the {x') so that 

xT =gr(x'\ x'^ . . x'^) (r =: I, 2, . . n) . (2.4) 
If we take differentials of the equations (2.3) we obtain 

'>">••«)■ ( 2 - 5 ) 

SCALAR, VECTOR, INNER PRODUCT 

A quantity g(x) whose value, though perhaps not its 
fqrmal expression, is unaltered by all permissible trans¬ 
formations of co-ordinates is called a scalar. Thus, in 
three-dimensional geometry, if we permit ourselves only 
those transformations corresponding to translating the 



COSMOLOGICAL THEORY 


14 

origin of co-ordinates and to rotating the axes about the 
origin, we know that du^ in (2.1) remains invariant. Hence 
its value is unaltered and it is therefore a scalar. 

Consider again n quantities (F^, F^, . . . V% each F^ 
being a known function of the (a:),, and let the transforma¬ 
tion (2.3) be performed on the co-ordinates. Then the « 
quantities are said to be the components of a contravariani 
vector if they transform according to the same rule as do 
the differentials of the co-ordinates. Thus by (2.5), the 
F** transform to F'^ where 

'"'“I.S''"’ • C“-‘) 

Incidentally we note that the differentials dx^^ . . . 
dx^) must themselves be the components of a contra- 
variant vector. 

Another type of vector whose components are (I 7 i, 
f/j, . . . C/n) is called covariant if it transforms according 
to the law 

U'r=^^~U„ (r=I, 2, ..«) . (2.7) 

The relationship between covariant and contravariant 
vectors depends on the following theorem. If (F^, F®, 

. . . F”) and {Ui, t/2, . . . U^) are any two vectors, one 
contravariant and the other covariant, then the sum of 

n 

products, 2 F 3 Uq, is always a scalar. To prove this we 

gr«rl 

form the corresponding sum in terms of the transformed 
components 



But the co-ordinates x^ are necessarily independent, 
hence 

• (2-8)} 


dx^ 


o if / . 4 = w 

I if / = m ‘ 
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From this it follows at once that 

S V^Ui 

SO that the value of the sum is unaltered by transformation 
and is therefore a scalar. 

This sum of products of corresponding components of 
a covariant and a contravariant vector is called the inner 
product of the two vectors. The inner product of an 
arbitrary covariant with an arbitrary contravariant vector 
is therefore always a scalar. 


SUMMATION CONVENTION 

A noteworthy characteristic of the preceding formulae 
is that any term in which an index occurs twice, once in 
the * upper or contravariant, and once in the ‘ lower ’, 
or covariant, position, is invariably prefixed by a summa¬ 
tion sign covering the values of the index from i to n. 
This is illustrated by the index ' ^ * in formulae (2.5), 
(2.6) and (2.7). We shall therefore in future omit the 
summation sign before such terms and understand that 
the double presence of an index in a term is to imply 
summation of that term over all values i to n of the index. 
Thus the expression for the metric will simply be 
ds^ = gpq{x)dx'Pdo(fl 


and (2.6), (2.7) will be written 


TENSORS 

The definitions of scalars and vectors which we have 
given depend essentially on the laws of transformation of 
these entities. It is not difficult to extend the idea to 
entities with laws of transformation analogous to, but more 
complicated than, those of vectors. Consider for instance 
a set of n^ symbols T^^ix) (j>, = i, 2, . . . n) whose 

law of transformation is 
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The complete set of components is said to form a 
contravariant tensor of rank two. Similarly the sets of ^ 
symbols Tj^ {p, q = i, 2,... n) and T^ip,q — • • • ”)> 

with the transformation laws 


03C“ dxfi 

T M — ;r-7r —.Toh, 


.._dx'Pdj^ a 

dx'o^" ' 


__. . — _ _ (2.10) 

dx'P « dx^ 

define respectively a covariant tensor of rank two and a 
mixed tensor of rank two. The rank of a tensor thus indi¬ 
cates only the number of its indices per component, not 
the covariant or contravariant character of these indices. 
Comparison of (2.9), (2.10) with (2.6), (2.7) will show that 
a contravariant index of a tensor is associated with a law 
of transformation similar to that of a contravariant vector, 
and that a covariant index follows the rule of transforma¬ 
tion of a covariant vector. 

Proceeding in this way, tensors of higher and higher 
rank are built up. For instance, the w* symbols B^ri 
together form a tensor of rank four with three covariant 
indices and one contravariant. The law of transformation 
is here 

T>0 


In particular, vectors are themselves tensors, their rank 
being unity, whilst scalars may be regarded as tensors of 
rank zero. 

We shall in future denote a vector or tensor by a single 
one of its components, so that, for instance, the tensor 
whose law of transformation is (2.9) we shall refer to 
simply as ‘ the tensor \ 


CONTRACTION 

When a mixed tensor has been defined there is an 
important method of producing from it a new tensor, of 
rank two lower, which is called ‘ contraction We select 
a covariant and a contravariant index of the given tensor 
and then sum all the components for which these indices 
are equal. The result is a component of the new tensor. 

As illustrations, consider first the tensor of rank four, 
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and select the index ‘ p ’ and the last covariant index 
‘ I'he contracted tensor is then 


To verify that this is a tensor of rank two, we note that 
r' n'P = 

grp bed 


by (2.8) 


_ dx^ dx^ a __ dx^ 


Hence the symbols Gbc have the transformation law of 
the components of a covariant tensor of rank two. 

Secondly, let us apply the operation of contraction to 
a mixed tensor of rank two, say, The result is T = 
and it is easily proved that T is a tensor of rank zero, or 
a scalar. Thus associated with a mixed tensor of rank 
two there is a unique scalar obtained by contraction. 


THE QUOTIENT THEOREM 

When we are given a set of symbols, it is possible to 
determine their tensor character by forming their inner 
products with arbitrary covariant or contravariant vectors. 
This process, called the ‘ quotient theorem *, is stated 
thus : 

‘ Any set of symbols whose inner product with an arbitrary 
covariant {or contravariant) vector is a tensor^ are them¬ 
selves the components of a tensor.' 

To prove the theorem for a set of symbols T{pq) 
characterized by two indices and whose inner product 
with an arbitrary covariant vector Uq is known to be a 
contravariant vector Vp, we co’^^’^^er the transformation of 
W -= Vjx ypq). 

We have 

U'J'ipq) ^ V'P - {U,T[rq)} . (2.n) 

Again, in (2.7), interchanging the primed and unprimed 
letters we obtain 

dx'^ 
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Hence (2.11) becomes 
U'.T'ipq) 


dx^ 1 9 ** 


U'tT{rq) 


or 


TT' r 


T(rt)\=o.. 


Since the vector Uq is arbitrary we must have 


so that the symbols T{pq) transform by the Jaw of a con- 
travariant tensor of rank two and are therefore the com¬ 
ponents of such a tensor. 

A similar proof holds for a set of symbols characterized 
by more than two indices. 


THE MIXED FUNDAMENTAL TENSOR 


So far we have considered tensors in the abstract. V/t 
shall now find a tensor of rank two which arises from the 
existence of co-ordinate transformations (2.3). We prove 
the following theorem. 

* The rfi symbols where 


are the components of a mixed tensor of rank two whosi 
components h(we the same value in every co-ordinate system* 
This follows at once from (2.8); for if is the trans¬ 


form of <5^, then 


by (2.12) 
by (2.8) 


dx'P dxfi „ 

__ dx'P dx^ 
dx^ dx'^ 

= 1 O if P 4=? 

1 I if ^ = g. 


Hence d'J = df (p, q = i, 2, . . . «). 

This tensor is called the mixed fundamental tensor. 
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THE TWO FUNDAMENTAL TENSORS OF RIEMANNIAN SPACE 
Two more tensors of rank two are defined by the metric 
itself. We assume that the interval between two nearby 
points is an intrinsic property of the two points. It must 
therefore be independent in magnitude of the co-ordinate 
system used to describe the points and so must be a scalar. 
Suppose that on changing the co-ordinate system from (jf) 
to (jc'), the coefficients gpq become g'pq. We have 

ds^ = g'j^gdx'vdx*^ = gpqdxTPdxfl^ 
so that by (2.5) 

, dx'P dx'^ j h j nj ^ 

Since the differentials of the co-ordinates are independent, 
the last equation can only be true if 
, dx'P dx^ __ 

Interchanging the primed and unprimed lexers, we obtain 

, ___ • dxP dxfl 
s «* — Spq-^a-^b' 

which is precisely the law of transformation of a covariant 
tensor of rank two. The tensor gp^ constitutes the funda¬ 
mental covariant tensor of rank two. 

Secondly, we define the fundamental contravariant 
tensor of rank two^ gP^^ as follows. Consider the symbols 
defined by 

■■■ co-factor of gp, in g 

By the law of multiplication of determinants we have 

gpqgj„ = o if r =}= 5 
= I if r = ^, 

so that gpqgpr = 61 {q, r = r, 2, . . n) . (2.14) 

To prove that the symbols gPq are indeed the components 
of a contravariant tensor of rank two, we form first the 
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inner product, gptV*- — Up, of the tensor gp^ with an 
arbitrary contravariant vector Vp, Up is therefore an 
arbitrary covariant vector. We then have 

gP^Up = gP%tV^ = (5f = V^. 

Hence the inner product of the g^^ with an arbitrary 
covariant vector is a contravariant vector. By the quotient 
theorem, the gP^ must be the components of a contra¬ 
variant tensor of rank two, which is the fundamental 
contravariant tensor of the Riemannian space. 


ASSOCIATED TENSORS 

The fundamental tensors enable us to perform the 
operations of * raising * and ‘ lowering ’ the indices of a 
tensor which change a covariant index into a contra- 
yariant one and vice versa. This process really consists 
of forming the inner product of a given tensor with one 
or other of the fundamental tensors. The same letter is 
used to denote the resulting new tensor. ’ Applied to the 
vectors Vp and Up the process gives 

^q^gp<y^ and U<i ==gP^Up (^ = i, 2, . . n), 

respectively. Again, from a tensor of rank two, we 
obtain 


Tpq —- gptT^ — gptgqrT^^. 

It is easily proved that the results of the operations repre¬ 
sented by the right-hand sides of these equations do, in 
fact, give tensors of the types indicated. Consider, for 
instance, the law of transformation of Vq. We have 


v — a' V'v - „ 1/C 

V,-g,<,VP - 

__ dx^ dx^ 


which is precisely the law of transformation of a co variant 
vector. 

Tensors obtained from one another by this process are 
said to be associated tensors. 
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It is interesting to note that in ordinary three-dimen¬ 
sional space whose metric is (2.1) there is no formal 
difference between associated covariant and contravariant 
tensors if Cartesian co-ordinates are used. Raising and 
lowering suffixes here reduces to multiplication by unity. 


GEODESICS 


Hitherto we have confined our attention to the changes 
which tensors undergo when the co-ordinates of a par¬ 
ticular point in a Riemannian space are changed. We 
shall now consider the changes which occur when we 
keep to the same co-ordinate system but proceed from point 
to point within the space. And in order to be able to 
travel through the space we shall begin by defining certain 
curves, the geodesics, whose properties are analogous 
to those of straight lines in ordinary three-dimensional 
space. 

Consider two points Po and P^ in the Riemannian space 
and any curve joining them. Such a curve is defined by 
a set of equations 

X' = P'iiJ,) (r = I, 2, . . n) . . (2.15) 

where ju is some parameter varying from point to point 
of the curve. By substituting (2.15) into (2.2) and then 
integrating with respect to /4, we can express the interval 
s measured along the curve in terms of /^. The geodesic 
joining Pq and Pj is then defined as that curve for which 
the interval s between P„ and Pj has a stationary value 
compared with the interval measured along any other 
neighbouring path joining the two points. The differ¬ 
ential equations of the geodesics can be found as follows, 
the finite equations of these curves being unattainable 
without a precise knowledge of the functions gpg. 

Suppose that (2.15) represents the finite equations of 
the geodesic joining Pq and P^, so that the interval s is 






I' 

where /llq, //j are the values of fx at and Pi respectively. 
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Any curve joining Pq and and always lying close to 
the geodesic, will have equations of the form 

+■ Bof = + sofiiJL), , (2.17) 

where co** == o at /« = /^o and // = and s is a small 
quantity whose square and higher powers we neglect. If 
then s is the interval along the curve (2.17) between Pa 
and Pi we have 

Neglecting all powers of e above the first, we obtain 


' f/ f dx'P dxf! ■ 

/dgpgdxPdxt dxido)P\]j 

and, remembering that \/{gp^Pd 3 fi) = dr, this can be 
written 

- , i^gpqdxPdxt dx^ dojiP\du\ , 

We can now simplify the calculation by assuming (if 
5 52^0) that the parameter fi is identical with the interval 
s measured along the geodesic. For in this case we have 
dfi/ds = I and 

' - ■ - 3j 4"'?? * * + 

the 0^ now being regarded as functions of 5. If we 
integrate the second term in the last equation once by 
parts we obtain 
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But the functions co^ vanish zt s = Sq and ^ = s^. Hence 
S— s 

If therefore the interval s is to have a stationary value for 
the geodesic compared with neighbouring curves, f — 5 
must be zero for all functions co*. This is possible only 
if the coefficient of each in the integrand of (2.18) is 
separately zero. We conclude that the differential equa¬ 
tions of the geodesics are the n equations 


I ifdgu, . dgip dgpAdxPdxi _ 


(/= 1,2, . . n). 


ds^ ' 2\dx'P ' dx^ dx^ j ds ds 

If in these equations we multiply by perform the 
summation indicated by the double index and use (2.14), 
we obtain 

*2 + ^ • • ")> ("-^9) 


where 

{pq, k} = ii^(^ + 5 “ a?)' 

The equations (2.19) are the equations of the geodesics in 
their standard form. It is to be observed that they involve 
the fundamental tensors and their first derivatives only. 

The symbols {pq, k) are called the Christoffel symbols 
for the metric. They are not tensors, as may be verified 
on using the transformation laws for the tensors gpq. 
It is clear from their definition that 


{pq, k} = {qp, k}. 

The equations (2.19) obviously possess the integral 


dxP dx^ _ 

Ts / 


(2.20) 


obtained by dividing the expression (2.2) by ds throughout. 

We have obtained the equations of the geodesics from 
the stationary property of the interval, a property which 
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is clearly independent of the particular co-ordinate system 
used. The equations (2.19) must therefore be invariant 
in form for changes of co-ordinates. 


NULL-GEODESICS 


A second type of geodesic is obtained from the assump¬ 
tion that the interval between any two points on the 
geodesic is zero. These curves, called null-geodesics, 
are therefore characterized by having the integral 


h 


_ dxT^ dx^ 
dfi du 


o, 


(2.21) 


where is any non-zero parameter. The differential 
equations of the null-geodesics may be obtained as follows. ; 
If the points Po and Pi are now regarded as lying on thej 
null-geodesic, the integral 



must be zero along the curve. Along a neighbouring 
curve with equations of the form {2.17), we have, neglect¬ 
ing powers of s greater than the first. 




dx^ dx^ . /dgpqdxv dxfl , , dx^ dw'^W . 

The first term in the integrand vanishes by (2.21). Hence 
7 f'"* i{dgj^dxPd3fl d( , r d)fl .“Jf** 


The integrated term vanishes as before. Hence if the 
property h = o holds to the first order for all curves in 
the neighbourhood^of the null-geodesic joining Pq 
P i, we must have 7 = 7 = o. From this it follows that 


dgpq dx^ dxfi d / dx^\ _ 
did dfx dfx ^dfj\^^^dfM J 


(/= I, 2, . . n). 
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As before these equations reduce to 

^ (^ = I. 2, . . «), (2.22) 

which are the standard forms of the equations of the null- 
geodesics. 


GEODESICS IN THREE-DIMENSIONAL SPACE 

In three-dimensional space with metric (2.1), all the 
Christoffel symbols are zero. The equations of the 
geodesics reduce to 

= 0 , (A = I, 2, 3). 

In this case the finite equations can also be found. They 
are the well-known equations of the straight line in 
Cartesian co-ordinates : 


I m n 

where i, c are the co-ordinates of a point on the line. 
The constants /, tw, n are related by 

/2 + == I 

which corresponds to the integral (2.20). The null- 
geodesics have finite equations 

x^ - ^ ~~ b __ a;® — c 

/ m 

where the sum of the squares of the direction-cosines is 
now zero by (2.21). The null-geodesics of ordinary three- 
dimensional space are therefore imaginary straight lines. 


COVARIANT DERIVATIVE 

Having constructed the set of paths in Riemannian 
space represented by the geodesics, we are in a position 
to investigate the change which occurs in a vector or 
tensor when we imagine it to be moved from one point 
of the space to another along one of these curves. It will 

3 
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fn to study the change produced 

in a contravariant vector Vp. ® ^ 

Since is a scalar, we can regard {p = i . . , tt), 

of a contravariant vector. More- 

S/th^®H w" upon it as 

fSr?,® direction of the tangent to a geodesic. Let 

^ geodesic, (* + dx) I neighbouring 

K r ^long the curve! 

Then we c^ define the vector Vp(x + dx) to be the result 

of moving VP(x) from (*) to (x + dx) by postulating that 




^ pair of nearby points on the 

ge^esic we may be thinking of. 

of rank tmf ^ follows to a mixed tensor 

ot rank two called the covanant derivative of Vp. We have 
using (2.19), TTv.uaVO, 


Also 

Hence 


gp,{ml, q) = 4. ^ _ ^SrrA 

\d)d ^ dx^ dxP )' 

Now the left-hand side of this equation is a scalar, whilst 
on the right we have the contravariant vector ^ and the 
dxl ^ 

covariant vector fonning an inner product with 

the symbols ^ -(- {mg,p}Vv. By the quotient theorem, 

of a ten,or, con.r.- 
vanant as to the index p and covariant as to m. We write 
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^ component of this tensor, using the comma 
to indicate that the tensor is a covariant derivative, so that 

dVP 

+ . . (2.23) 

This second-rank tensor is therefore the covariant deriva- 
tive of the original vector Vp. 

We may also apply the same notion of invariance along 
a geodesic to the inner product of a covariant vector Up 
and the tangent to the geodesic. The resulting covariant 
derivative is 

■ • ( 2 -^ 4 ) 

Since in ordinary three-dimensional space, using Car¬ 
tesian co-ordinates, the Christoffel symbols are all zero, 
it follows that covariant derivatives now reduce to ordinary 
partial derivatives of the components of a vector with 
respect to the co-ordinates. 

DIVERGENCE. EQUATION OF CONTINUITY 
If Vp is any contravariant vector and its covariant 
derivative, there is a unique scalar obtained from the latter 
tensor by contraction. This scalar is variously denoted 
or by div Vp and its expression is 

But . 

and by the law of differentiation of a determinant applied 
to g, 

h = {co-factor of g^ in g) X ^ = ggP^^ 0 . 


Hence 


{^P’P}- 2gdi' 
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We may therefore re-write in the form 


VP = + .1 

dxP ' 2 g dx^ 


y, . i JWgV^) 

\/ a dxP ' 


The expression 

• , . . („s) 

Vg dxP 

is taken to be the standard form for the divergence of the 
contravariant vector Vp. It is noteworthy that although 
the divergence has been derived by using the covariant 
derivative, yet it does not involve the Christoffel symbols 
but only the determinant g of the coefficients of the metric. 

Comparing again with ordinary three-dimensional space 
whose metric is (2.1), we have Vg^ i in this case. 

Hence 

We thus arrive at the well-known divergence formula of 
the ordinary vector-calculus. 

In classical mechanics it often happens that a vector 
wdth four components is required to satisfy an equation 
of continuity. This is illustrated by the density and 
momentum of a perfect fluid in motion or by the charge 
and current vector of a system of moving electrical charges. 
Both these vectors satisfy an equation of the form 
dj^ I 

'di'^ r^idx" ’ 

where t is the time and x^y x^) are spatial co-ordinates. 
In the hyd’-odynamic interpretation is the density and 
{py P) the components of momentum of the fluid ; in 
the electrical case they stand for the charge-density and 
the current respectively. 

In tensor analysis, a contravariant vector, Fp, is said to 
obey an equation of continuity in the Riemannian space 
(2.2) if, at every point, the vector satisfies the equation 

= ° .... (2.26) 

where g is the determinant of the coefficients of the metric. 
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RIEMANN-CHRISTOFFEL TENSOR 

In the ordinary calculus, the application of the process 

dy 

of partial differentiation to the first partial derivative, 

of a function y will produce a second partial derivative of 

the general form tensor calculus covariant 

differentiation can also be repeated. Thus let be the 
first covariant derivative of a contravariant vector and 
let us assume that 



is a scalar, where, as before, the vector is the tangent 

to a geodesic. On working this expression out, we deduce 
that the second covariant derivative of is a tensor of 
rank three where 

V,}i =: - {rl, . (2.27) 

OX^ 

Unlike ordinary partial differentiation, the order in which 
the successive differentiations are performed is of great 
importance. We shall now calculate the difference 
r/.p — VV 

^ Hr' , ^ 1 • r 

Using the formula (2.23) in (2.27) we obtain, after 
some calculation, 

V,ri - V/r -- 

~ ^ ^^^ ^^"'O' 

Now the left-hand side is the difference of two arbitrary 
mixed tensors of rank three and is therefore a tensor of 
the same rank and character. On the right-hand side, 
we have the inner product of an arbitrary contravariant 
vector with the expression enclosed in square brackets. 
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follows that the latter must 

as to one index and r '^oJitravariant 

denote th:! ? three. We 

denote this tensor by Bp,^, where 

BP, — P) d{ql, p } 

*^ ■ dx’’ Sx' ^ ^^g^>/>} {ql, m). 

.E“oEt^ t wtx r r s 

next Tnnct ’ special importance lies in being the 

”?„ s'V!;' r™''^ “ 

ming’ w/o^buta ^ ■" ‘°’ ^i' ”<< *™- 

n _ ^{^P>p} dM,i)\ ^ 

* dxi dxP ^ ^^^’P}( 9 P>f»}~ {pn,p}{q/,m} 
from which also Gf = ^G,, / q\ 

ontractmg once again we obtain tht scalar'cunature ^ 

p r • ^ S^Gqt .... (2.2q) 

M^VSSr 'P”“ ™l. metric 

tensor is now zero Anv^ o^nponent of the curvature 
said to be of zero curvIturTor “ 

^ ABSOLUTE PARALLELISM ^ 

as to the changes'^wWch''tenso°''**^^A'^* information 

moved along geodesics Thev*^ 

geodesic. It follows diat therJ^ ■ “ ■ P®*^ ® 

point P which caX sSd to he ^ 

can oe said to be parallel to a given vector 
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at some other point Q. For parallelism is equivalent to the 
possibility of moving one vector into coincidence with 
another and we have just seen that the result of any such 
motion may depend on the path taken between P and 
An additional geometrical hypothesis is therefore necessary 
if we wish to introduce the concept of parallelism between 
vectors situated at points distant from one another in a 
Riemannian space. 

We imagine that at every point of the space n vectors 
with CO variant components or contravariant are set 
up. Here a (= i, 2,, . . . n) specifies the vector and 
/) (= I, 2 , . . . n) the component of the vector a in some 
co-ordinate system which we have s*elected. These vectors 
are defined to be such that 

gpq = % = oihP M 1 

whence Jip = (5 J. J 

It is also assumed that 

. . . 

The vectors so defined are called the fundamental vectors . 
They are not, of course, unique, so that many different 
sets of fundamental vectors can be chosen in the same 
Riemannian space. 

To every vector we can now make correspond the n 
scalars 

“7 == %Vp (a = I, 2 , ... w) 

by taking the inner product of Vp with each one of the 
fundamental vectors in turn. We can then define a vector 
Vp(x) at the point {x) to be parallel to a vector Up{x') at 
any other point ( jc ') if 

^V{x) = (a == I, 2 , . . . n). 

This means that the two vectors have equal corresponding 
scalars when referred to the fundamental vectors at {x) 
and (jc') respectively. 

We are thus able to speak of an absolute or distant 
parallelism between vectors in a Riemannian space relative 
to some selected set of fundamental vectors. 


■ (2-30) 
• ( 2-30 
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PATHS OF AN ABSOLUTE PARALLELISM 


Suppose in particular that Vp is the vector repre¬ 
senting the tangent to a curve which possesses the property 
that its tangent is parallel to itself along the curve. On 
proceeding from a point (ac) to the nearby point (x +- dx) 
on such a curve the scalar increments of the components 
of the tangent-vector must be zero. This means that 


d / dxp\ 

d^\^~dl ) ~ “ L 2, . . . w). From these we can 

deduce the differential equations of the curve in the form 
d^xP _.^hp dx^ dxP _ 


On multiplication by and the use of the third of equa¬ 
tions (2.30), we obtain 


ds^ '^^^WdF IT 


o. 


j 


Since the summation in the second term extends over 
both I and p we can write the equations in the symmetrical 
form 


g ddddxP 

•5^ + -57 - o 


where 


(5- = I, 2, . . n) (2.32) 


The curves with these differential equations are called the 
paths of the absolute parallelism defined by the fundamental 
vectors Jip, fhp. In general, these paths are not the same 
as the geodesics of the space. Moreover, they are not usually 
the same for different selections of fundamental vectors. 
The equations of the paths, however, are invariant in form 
for co-ordinate transformations which also leave invariant 
the equations (2.30) and (2.31), 
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CHAPTER III 


PRINCIPLES OF GENERAL RELATIVITY 

T he theory of the expanding universe can hardly be 
understood without some idea of the fundamental 
assumptions which lie at the basis of the general theory 
of relativity. We shall therefore give a brief sketch of 
these ideas in so far as they "are necessary for our purpose. 

SPACE-TIMK 

It is a fact of common sense that every occurrence in 
the physical world takes place at some definite place and 
at some definite time. Mathematically we particularize 
this statement by saying that every such occurrence, tech¬ 
nically called an ‘ event \ requires four numbers to specify 
it. These numbers we denote by ty a®, or col¬ 

lectively by {ty x^)y and we call them co-ordinates. The 
first co-ordinate we suppose to be in some sense a measure¬ 
ment of time and the other three to be similarly related 
to measurements of distance so that they give the spatial 
position of the event. Let us put aside for the moment 
the question of the exact physical meanings of the co¬ 
ordinates and suppose that we have somehow assigned 
co-ordinates to all events belonging to a set on which we 
have fixed our attention. We also assume that this group 
of events may be represented by a set of points in a four¬ 
dimensional Riemannian space whose metric is 

I 2 

= — gp,jdxrdx<i . . ( 3 . 1 ) 

^ p, q i 

In this expression g^y gpq are functions of (/, c is a 
constant and ds an invariant. 
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The Riemannian space in which the events are mapped 
in this way is called Space-Time. Our special problem is 
to investigate how all the events constituting the universe 
can be represented in one and the same space-time. 

We shall also assume that it is possible to define a priori 
a curve in space-time by equations of the form 

t = (P = I. 2, 3), 

where f/. is some parameter. Eliminating from the last 
three equations by means of the first, we obtain the 
equations of the curve in the form 

xP = hP{t) (p=i,2,2). . (3.2)' 

Since t is a time-co-ordinate, the equations (3.2) are what 
would be called the integrals of equations of motion in 
mechanics. A curve in space-time is therefore in some 
sense a graph of the motion of a dynamical system. 

TIME-CO-ORDINATES AND PROPER-TIME 

We now return to the question of the physical meanings 
which can be attributed to the co-ordinates (/, xf). Let 
us imagine an observer who is provided with a standard 
clock and a standard rmd measuring-rod. These instru¬ 
ments we regard' as indefinable. Let us also assume that 
our observer takes as his fundamental axiom that the 
interval betzveen two events alone has physical significance in 
terms of the measurements made by his clock and his 
rigid measuring-rod. If physical meanings can be dis¬ 
covered for the co-ordinates (^, ;c^)ofthe two events, it is 
only as a consequence of this basic hypothesis. 

As a matter of convention the observer decides that the 
interval s shall always have the dimensions of time. He 
bestows the name proper-time on the interval. 

With these preliminaries, let us visualize the observer 
about to set up a co-ordinate' system for all events in the 
universe. He will obviously give himself the simplest 
co-ordinates to start with and regard himself as * at rest * 
in his co-ordinate system. Let his co-ordinates be 
(0, o, 0, 0). Then at some later time in his history his 
co-ordinates will be (^j, 0, o, 0) since only his time-co- 
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ordinate can vary. These two events also differ in physical 
time only which, by hypothesis, is a difference of s between 
the two events. Physical time is measured by the 
observer’s clock which we may suppose to read j = o at 
the event (0, o, o, o) and ^ = s^y at the event (^i, o, 0, 0). 
We have 

Si= [ [ Vgu(i, o, o, o)dt . (3.3) 

Jo Jo 

It is immediately clear that before the observer can express 
. in terms of the number he must be able to evaluate 
the integral (3.3) and therefore must know the function 
g<iA{tyX^). Let us therefore make the further assumption 
that our observer knows the explicit forms of ^44, gpg in 
(3.1) as functions of the co-ordinates and that he also 
knows the value of the constant c. We leave aside for 
the moment the question of how he arrives at this infor¬ 
mation. 

The observer can now express ti as a function of 
thus obtaining the co-ordinate-time lapse corresponding 
to the measured proper-time It is clear that Si — 
only if g^i{ty o, o, 0) == i for o ^ ^ ^ /i. 

The equation (3.3) also brings out a characteristic of 
the co-ordinates used in general relativity, viz. the co¬ 
ordinate / need not have the physical dimensions of time. 
This follows at once from the fact that it is the combina¬ 
tion 'Vgitidt ( = ds) which has the dimensions of time so 
that t might be a pure number provided that carried 
the ‘ dimensions ’. 


DISTANCE 

The observer can regard the two ends of his measuring- 
rod as two events with the same value of t but with 
dijferent spatial co-ordinates. Let one end be the event 
(^o> Oj o), the other (jfo, dx^, o, 0). These events are 
separated by an interval ds where 

ds = o, o, Q)dx^. 
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If the expressions of type 's/gudx^ are to have the dimen¬ 
sions of length, clearly c must be a velocity. Moreover, 
ds alone has physical significance. The observer therefore 

identifies the quantity ~ds with the length, dl, of his rigid 

t 

scale. The co-ordinate increment dx^ is therefore given by 
dl = o, o)dx^ . . . (3.4) 

The definition of a finite value, X\ of the spatial co¬ 
ordinate separating the events (4, o, o, o) and (4, 0, 0), 

follows at once by integration. Suppose that the observer 
has a scale of sufficient length, /, then is defined by 

[ v'^TiOo, **, o,~o)dx\ 

J 0 

where, in the integrand, x^ alone varies. 

A very important consequence of this definition is that 
X^ corresponds to a fixed value of / only if gn does not 
involve t. Conversely, if gn does involve 4 two events 
which have fixed co-ordinates may yet change their 
distance apart. This has an important application in the 
theory of the universe. 

More generally, if the ends of the rigid scale are regarded 
as the events (4, 0) and (4, the length of the scale is 

= { S gpqdxvdx^}^. Since the co-ordinates are inde- 

pendent it is not possible to integrate this expression to 
obtain the definitions of finite values of the co-ordinates. 
One way out of this difficulty is to define the spatial co¬ 
ordinates in terms of a series of distance measurements 
made in a definite order. Thus consider the events 
(4, c, 0, o) and X^, o). We may define A® 

by means of the measurements Zi, Zg where 

= f o. o)dx^, 

J 0 

rX*_ 

h = -X’S x\ o)dx^. 

J 0 
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Here we have first measured from (o, o, o) to o, o) 
and then from o, 0) to o). It is not difficult 

to see that the resulting definitions of X^ are not 
necessarily the same as those obtained by measuring first 
from (o, 0, 0) to (0, X^^ o) and then from (o, X^y o) to 
{X^y X'^y 0). But so long as we apply the same convention 
as to order to the measurement of the co-ordinates of all 
events, no real ambiguity can arise. 


CO-ORDINATES IN GENERAL 

We now approach the more difficult question of the 
meanings which the observer attaches to the co-ordinates 
of an event which has a different time as well as different 
spatial co-ordmates from those which he himself possesses. 

We again suppose that the observer constitutes the event 
(o, 0, 0, 0) and that (/,, X^y o, o) is some other event. Let 
us also assume that the observer has a second standard 
clock, precisely similar to his own, which leaves him at 
the event (0, o, 0, o), when it reads zero, and travels to 
the event (/i, A'^ 0, 0) where it arrives reading Sj. This 
motion must be supposed to take place along some curve 
in space-time defined a priori and having equations of 
type (3.2). This knowledge, we have already remarked, 
is equivalent to knowing a priori the equations of motion 
of the clock. The observer then takes the reading on 
this moving clock to be the measure of the interval separat¬ 
ing the two events in question, so that 

In the integrand, both .v* and t vary, the former being 
given as a function of the latter by equations of type (3.2). 
Hence /, can be found as a function of and the value 
of then follows from the equations of motion of the 
clock. 

As an example, let us postulate that the clock traces 
out the curve in space-time whose equations are 
vty o, ■" o, 

where u is a constant. In the language of mechanics 
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we should say that the clock moved with constant velocity 
V in the co-ordinate system. Hence 


^rid (3.5) gives 


= vt^ 


( 3-6 


-i:v{ 


gu{ty O, 6) ~ Vt, o, o)~ dt . (3.7) 


Evaluating this integral we obtain a relation giving in 
terms of and v. The velocity t?, however, is not arbitrary 
since we can imagine that, the observer has some means 
of measuring the distance of the event o, o) at 

that moment of his own history which constitutes the 
event o, 0, 0). If / is this distance, we have 

lo* o)dx^ (3.8) 

where, of course, only now varies in the integrand. 
This mtegrd gives a second relation between and the 
ineasured distance /, which, with the relation given by ( 3 . 7 ), 
yields the value of (and, of course, of v) in terms of the 
naeasured quantities Si and /. The equation (3.6) then 
gives X , and the co-ordinates of (^i, o, o) are thus 
completely determined. 

An ideal method of finding without having recourse 
to a measurement of /, is to assume that the clock moves 
infinitely slowly so that ^ is always approximately zero. 
The equation (3.7) then becomes 


_ **i ___ 

~ ^ o, o, o)dt. 


The lapse of proper-time on the moving dock is therefore 
equal to tlut on the observer’s stationary clock between 
f’ measurement 

known determine directly, since r, is now 

.oi the foregoing results to the 

events differ by more than one spatial 
0 ordinate as well as m their time co-ordinates. 
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CO-ORDINATES IN SPECIAL RELATIVITY 

The procedure outlined above can be carried out com¬ 
pletely in the space-time of special relativity. This theory 
is characterized by the use of a metric of the form 


== dt^ - -^{{dx^Y + {dx^Y + (dx^Y) 

in which therefore the coefficients of the metric are 
^44 = Spq = The formula (3.7) now becomes 


whilst (3.8) yields 

/ = XI = vt^. 

By elimination of v we obtain at once 

t , = + P ), = / . . (3.9) 

for the co-ordinates assigned by the observer to the event 
(fi, XI, o, o). 


THE GEOMETRIZATION OF PHYSICS 

It will be remembered that we have endowed our observer 
with a considerable amount of information whose origin is 
not immediately obvious. He has been supposed to know 
the functional forms of ^44, gpq^ the value of c and the laws 
of motion of certain moving clocks as represented by curves 
in space>-time. We shall now show how this knowledge 
can be attained on the basis of a single axiom which we. 
may call the principle of the geometrization of physics. 
Its enunciation is as follows : 

* A distnbution of matter and radiation in any region of 
space-time and the Riemannian geometry appropriate to that 
region have the same qualitative and quantitative properties.' 

Firstly with regard to the qualitative properties. These 
are best illustrated by examples. Thus, for instance, if 
the distribution of matter and radiation exhibits symmetry 
about a line, the coefficients of the metric will also possess 
symmetry about that line. More precisely, the coefficients 
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will not involve a co-ordinate representing rotations round 
the line. Again, if the distribution does not change with 
the time, the coefficients will not involve the time-co¬ 
ordinate, and so on. In fact, considerations such as these 
are usually sufficient to fix which co-ordinates do, and 
which do not, enter into the expressions for the coefficients 
of the metric. 

The possession of the same quantitative properties is 
ensured by rules which fix the exact relationship between 
the mechanical characteristics of matter and radiation, 
such as density, momentum, energy and the values of the 
coefficients of the metric. They are, of course, arbitrary 
in the same sense that Newton's laws of motion are arbi¬ 
trary, viz. their justification lies in their consequences. 
The names given to these rules are EinsteirCs gravitational 
equations and the principle of equivalence^ respectively. 

EINSTEIN’S GRAVITATIONAL EQUATIONS 

In classical hydrodynamics a distribution of matter of 
density p and velocity components {v^^ v^) is completely 

described by the values of its energy-tensor whose com¬ 
ponents are defined by 

T 44 =3 74 r == Jr 4 == ^ 2, 3); 

— p<^l^m 2, 3). . (3.10) 

If the matter consists of moving particles, the motion can 
be analysed into a mass-motion with velocity-components 
2^2, M^) together with the random motions of the con¬ 
stituent particles about this average motion. The random 
motions are grouped together and give rise to a pressure or 
stress term in the energy-tensor, which we denote by jp*"* 
(/, w = I, 2, 3). The expressions (3.10) are now 

7^44 = p^ J 4 r == 7 ^r 4 = pur (, = 3) ; 

(/, — I, 2, 3) . (3.11) 

In particular if the matter consists of a perfect fluid at 
rest as a whole, the value of its energy-tensor is 

T‘‘==p, (/= I, 2, 3) . . (3.12) 

all other components being zero. In this expression, p 
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is the density and p the hydrostatic pressure of the perfect 
fluid. 

It is also known that a distribution of radiation is char¬ 
acterized by an electromagnetic energy-tensor of the same 
rank as The components of the electromagnetic 

tensor may therefore be added to those of the material 
energy-tensor to give a composite tensor. The presence 
of radiation is, from this point of view, equivalent to the 
presence of matter. 

We generalize the concept of an energy-tensor to four 
dimensions by substituting the velocity-vector 

/A djc^ dxl df\ 

\ds' ds * ds ’ ds) 

for the three-dimensional velocity used above. We obtain 
^ dx^ dxfl 

TPI - p,— (/>.?= I, 2, 3. 4) {3-13) 

where for the sake of uniformity we have written t = 

In this expression is called the proper-density of the 
matter. From this definition we conclude that is a 
contravariant tensor of rank two in four dimensions. 

If therefore the geometry of any region of space-time 
depends on the state of matter contained therein, it follows 
that the coefficients of the metric must depend on this 
energy-tensor Tp^. We cannot here enter into the reasons 
which led Einstein to his particular choice of relationship 
between these two quantities. Suffice it to say that the 
identification he adopted, expressed in terms of the mixed 
tensor TJ, was given by the ten equations 

-KT\ = Gl-\{G-zhy>l, (/.,?= I, 2. 3, 4) (3.14) 

where k == y is the gravitational constant, A is the 

so-called cosmical constant and GJ, G are the components 
of the mixed Riemann-Christoffel tensor and the scalar 
curvature of the metric (3.1), respectively. 

The equations (3.14) are Einstein’s gravitational equa¬ 
tions. They imply essentially that any characteristic of the 

4 
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density^ momentum and energy of matter and radiation in 
space-time will also be a characteristic of the curvature of 
space-time, - 

Since G| and G are functions of the gpq [Equs. 
(2.28), (2.29)] the equations (3.14) are soluble for the 
coefficients of the metric if the values of are known. 
Returning to our observer who is setting up his co-ordinate 
system, Einstein’s equations evidently enable him to find 
the coefficients of the metric but, at the same time, involve 
him in a vicious circle^ For he cannot measure the energy- 
tensor of the matter in space-time unless he has a co¬ 
ordinate system in which to do it, and he cannot set up 
his co-ordinate system until he, in effect, knows the values 
of the energy-tensor. This is indeed a great weakness of 
the theory of relativity. Our observer can only surmount 
it by assigning to the energy-tensor a piiori values, which 
appear plausible on general physical grounds, in terms of 
some abstract co-ordinate system (/, x'^). He then finds 
the coefficients of the metric from equations (3.14) and 
finally, by working batk to the physical meanings of his 
abstract co-ordinates, compares the hypothetical physical 
situation which he has built up with that which he actually 
observes. Illogical as this procedure appears to be, it does 
not differ essentially from that adopted in other branches 
of mathematical physics, and it certainly works in practice. 
From the definition (3.13) of the energy-tensor we obtain 

~ ” Pq' 

and by contracting the equations (3.14), 

— /cpo = G — i{G — 2A)4 == — G + 4A. 

Hence A = i(G — Kp^), 

The space-time of special relativity is flat so that G = o. 
It is also assumed that this space-time corresponds to a 
coipplete absence of both matter and radiation and that 
therefore = o. The cosmical constant is therefore also 
zero in the space-time of special relativity. 


/dt\^ I 8 dx^ dx'^\ 

\ds) ~ 'Aj " 
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PRINCIPLE OF EQUIVALENCE 

Einstein’s gravitational equations deal with the properties 
and motion of matter in the bulk. A further hypothesis 
is necessary in order to define a priori the motion of in~ 
dividual particles of matter and of light-rays. 

We have seen that there exist in any Riemannian space 
certain curves, the geodesics, whose equations depend only 
on the coefficients of the metric and which are invariant 
in form for co-ordinate transformations. Remembering 
that in classical mechanics the path of a free particle is 
defined to be a straight line, i.e. a geodesic of three-dimen¬ 
sional space, the theory of relativity asserts that the path, 
or world‘hne^ of a freely moving particle is a geodesic of 
space-time. This * principle of equivalence ’ as it is called 
therefore states that the equations of motion of a free 
particle are 

t- + I- = o K «, = I, 2. 3, 4) (S-iS) 

where we have again, for uniformity’s sake, written for 
t. In these equations s is the proper-time measured by 
a clock travelling with the material particle. Incidentally 
our observer has now a definition of the curve in space- 
time traced out by one of his moving clocks, which has an 

dx^ 

invariant character not possessed by the rule 

dt 

previously employed. 

The hypothesis made with regard to the world-lines of 
light-rays is that they are the null-geodesics of space-time. 
We are now in a position to give a physical meaning to 
the constant c. Suppose that a light-ray travels from the 
event (t, x^) to the event {t -f dt, x'>‘ 4- dx'^). Since the 
world-line is a null-geodesic, the proper-time ds between 
the two events measured by a clock travelling zoith the light- 
ray, is zero. Hence 

^)dt'^ = i S gyft, x^)doddx^*^ . (3.16) 

^ /, m 1 
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Now on a clock at rest in the position .v®) the proper¬ 

time which elapses b etween the events (/, and {t dt^ 
is dsn = Vgu{ti x^)dti whilst the distance between the 

events (^, xF) and (/, x^ + dxA is dl^ | S gim{ti x'^)doddxS^ I . 

Hence by (3.16) we have 

. 

The velocity dl/ds^ is called the velocity of light at the 
event (t, x^) and its value is equal to the universal constant 
c. Thus the null-geodesic hypothesis for the motion of 
light is consistent with the statement that the velocity 
of light in terms of measurements made with clocks and 
rigid scales has the same value at all points of space-time. 

PRINCIPLE OF COVARIANCE 

It will have been noticed that our expression for the 
metric of space-time, the Einstein gravitational equations 
and the equations of the geodesics are all tensor equations. 
This means that if we were to change the co-ordinates in 
terms of which is expressed, the rules of the tensor 
calculus would at Once give us the new forms of the Einstein 
equations and of the geodesics. Unfortunately, the tensor 
calculus will not give us the corresponding new meanings 
of the co-ordinates in terms of physical measurements. 
For these depend on integral relations such as (3.7) and 
(3.8), a type of equation to which tensor analysis does not 
apply. Nevertheless the of covariance^ viz., ‘ The 

laws of nature are expressible in tensor form \ is clearly of 
great importance. It puts on an equal footing all abstract 
co-ordinate systems whilst still permitting us to prefer one 
co-ordinate system to another from the observational point 
of view. 

THEORY OF GRAVITATION 

The foregoing principles, abstract and arbitrary as they 
may appear, have given rise to a theory of gravitation 
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more nearly in accordance with observation than is New¬ 
ton’s. Moreover, the tensor character of all the equations 
enables us to enunciate this theory of gravitation in any 
co-ordinate system and in any space-time. In the follow¬ 
ing chapter we shall investigate the extent to which these 
same principles can be used to give a theory of the universe 
as a whole. 
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CHAPTER IV 

THE EXPANDING UNIVERSE 


METRIC OF THE UNIVERSE 

W E shall idealize the problem of the structure of the 
universe in the following way. Instead of the 
actual system of the spiral nebulae, differing from one 
another in size and shape and having a somewhat irregular 
distribution in space, we shall consider a system of similar 
material particles forming a perfect fluid evenly spread out 
in space. More precisely, in terms of some abstract co¬ 
ordinate system (t, x), the state of the fluid at any event 
(t, x') is to be identical with its state at any other event 
(t, x'^) which has the same value of t as the first. Each of 
the material particles will, of course, trace out a geodesic 
in space-time. 

The universe being thus filled with an isotropic and 
homogeneous fluid, we now require the metric correspond¬ 
ing to such a distribution of mattei. We take the origin 
of spatial co-ordinates x^) to be at any one of the 

particles of the fluid. The latter must present spherical 
symmetry around the particle. The coefficients of the 
metric must therefore also present spherical symmetry 
round the origin, by the principle of the geometrization 
of physics. The metric is therefore of the form 

i gp,((, r)dxPdxJ {4.1) 

c JJ, g=l 

where + (x^)2 + 

Bearing in mind the phenomenon of the ^ recession of the 
nebulae, w^e assume our fluid, to be in motion so that its 
46 
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state alters with the time. We have, however, seen that 
distance changing with time is not incompatible with fixed 
position in the co-ordinate system [Equ. (3.4)]. This 
statement is, in fact, merely another way of saying, that 
co-ordinate systems moving with certain specified points 
may be used. We now show that this idea enables us to 
simplify the metric (4.1). 

Let us assume that the particles of our fluid have each 
got fixed co-ordinates x^) in the system we are 

employing and that the co-ordinate t measures proper¬ 
time on similar clocks attached to each of the particles. 
Since the world-lines of our particles are geodesics, the 
foregoing hypothesis is equivalent to the assumption that 
the integrals of the equations of a certain set of geodesics of 
the metric (4.1) are 

^ j = constant ; x^ = constant ; x^ = constant. (4.2) 
Hence along these geodesics 


ds 


I; 


dxP 

ds 


= 0 (p = I, 


2.3) 


and 


ds^ 




2, So¬ 


using these in the equations (2.19), we obtain 

{44. 1} = {44. 2} = {44. 3} = {44. 4} = O: 

where as usual, stands for t. If q stands for any one 
of the numbers i, 2, 3 or 4, these equations are 




o 


or ' 5 ,V*|r-k®’^==o (?=i, a, 3, 4). 

Putting ^ = 4, it follows that ^44 does not involve x^ i.e. t. 
Again the three equations obtained by putting q equal to 
I, 2 and 3 respectively, are 
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giz%i 1 - 13^4 _ 

s a„i T if -tg — 




dx^ 

. 21^4 


I o22^44 , , 23 ^<^44 __ 

^ ajc2 dx^ 




r31^[l4 I _32^ 


9 jc 1 




,^^44 


= O. 


dx^ dx^ 

gnce the determinant of the^« is not to be zero, we must 

_ ®^44 _ 

dx^ dx^ ~^-°- 

(4-0 must be a constant 
whose vdue may be taken to be unity. We emphasize 
once again that t is now proper-iime measured on the clock 
attached to any one of the particles. 

It remains to find the coefficients p (p. q = i 2 2) 
Writing the metric as ^ 

djS = r)dxPdx«, 

isotropy and homogeneity of the fluid in 

ff ^ f achieved if, for a given value 

otbl’r ^ “ mterchangeable with every 

l^nown from purety 
fhe^om ® theorem),! their metrics Wing 


where 




' = («!)^ 


+ (dx^) ^ + (dx^y 
(I + ^V 4 P 
(*“)* + (*S)2. 


ij k'; U r.'a ett 

three-dimensional space at 

the moment j. The value of ft may be i, o or - i 
We conclude that a universe full of isotropic and homo¬ 
geneous matter will have a metric of the fbrm 


dyS = dr* — + (d»*)* 

f* (i + ftr*/4)* 


( 4 ' 3 ) 
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where t is the proper-time on any clock carried by a particle 
with fixed co-ordinates ^ 3 ). 

In the expression (4.3) the physical dimensions may be 
assigned as follows. The co-ordinate t has the dimensions 
of ^ which are therefore those- of time. The function R{t) 
is given the dimensions of length so that the co-ordinates 
x^ are pure numbers and the dimensions of c must 
be those of velocity. 

The spatial co-ordinates may take on any 

values between + 00 and — 00 and the function R{t) may 
be called the radius of curvature of space. 

DENSITY AND PRESSURE 

Using Einstein’s gravitational equations (3.14) and cal¬ 
culating the values of G for the metric (4.3) we obtain 
the following non-zero components for the energy-tensor : 



where a prime denotes differentiation with respect to t. 
We define the hydrostatic pressure, p, of the fluid by 


and its average density, p, by c^p = 

Hence 8n,p = A - (f . . (4.4) 

. . . (4.5) 

where p, p are expressed in gm./cm.^ By analogy with 
(3.12) this distribution of matter is called a perfect fluid. 
It will be noticed that both p and p depend only on the 
time, and not on position, in accordance with the assumption 
of isotropy and homogeneity. 
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If the equation v,4.S) is differentiated with respect to t 
we obtain 


- , 61 t'(R" (R'y 

8^p = - [r) 



Hence p'=-^^(p+p) 

and finally + pdR^ = o . . . . (4.6) 

This gives a relation between the increments of 
and the pressure p. 


RED-SHIFT OF SPECTRAL LINES 

In the last two paragraphs we have built up a ‘ hypo¬ 
thetical ’ physical universe in the way suggested in Chap¬ 
ter III. We have now to investigate the properties of this 
universe and compare them with the observed properties 
of the actual universe. We have still a good deal of lati¬ 
tude left as the function jR(^) and the constant k are, as 
yet, arbitrary. 

The crucial question is whether or not we can deduce 
from the metric (4.3) the result that the light emitted by 
one particle, when viewed from any other particle, will 
exhibit a red-shift of the spectral lines proportionately to 
the distance between the particles. 

,We first transform the metric (4.3) to polar co¬ 
ordinates (r, 0, cp) by 

= r sin 0 cos 9?, = r sin 6 sin 9?, x^ — r cos 0 (4.7) 

and obtain 

-^*(0 sin * 

Our particles will now have fixed co-ordinates (r, 0 ,* 9?). 
Let Po be the particle at the origin of space co-ordinates 
and let be any other particle. We may without loss of 
generality suppose that the spatial co-ordinates of Pi are 
(ri, 0, 0). Let us also assume that emits a train of 
light-waves, successive ‘ crests ’ leaving that particle at 
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times ti and + dti as measured by the clock at Pj. Let 
the successive wave-crests reach Pq at times and to + dto, 
according to the clock at Pq. The light-waves have trav¬ 
elled along the null-geodesic joining Pj and Pq. Hence 
by (4.8) 

fo dr rh dt dt , , 

since along this null-geodesic 6, (p are constants and ds is 
always zero. 

We assume for the moment that the second two integrals 
(4.9) can be evaluated so that has a definite meaning. 
If then dtoy dti are small quantities we obtain 


dt-^^ dto 


. (4.10) 


It has already been shown [Equ. (3.17)] that the velocity 
of light at any event in space-time is c. Hence if A is the 
wave-length of the light when it left Pi and A + iA, the 
wave-length when it reached Pq, we have 


A = cdti, A + d'A = cdto . . . (4.11) 

the co-ordinate t measuring proper-time at both Pi and Pq. 
The three equations (4.10) and (4.11) then yield at once 
for the Doppler shift 


^dX^R{to) ^ 

A R{h) 


. (4.12) 


It is clear that the light is always reddened as it arrives 
at Po provided that P(^o) > P(^i). Since this 

means that the function R{t) must increase with t. It must 
be pointed out that relativity theory gives no reason why 
this should be so, the metric (4.3) being equally suitable 
for the description of a contracting universe in which all 
shifts would be towards the violet. 

We can calculate the rate of change of d with distance 
in the following way. Consider a second particle,! P/, 
whose spatial co-ordinates are (rj + dr^ o, o), emitting 
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Hght-waves which also reach P at * t'l u 

,h. fro™,*V“1 ’ 

dl= , 

(i+^^V 4 )‘ ■ • • 

and the velocity of light at the particle P, at time h 

, dl 
^ ‘ di' 

Hence the light must leave P/ at the instant t,- - in 

denotes°thrnn *^*^1 therefore b' 

ppler shift in the light from Pj', then 

^ RHh) C 

and so 

‘R{k)'W:) • • • 

'**/■*“*' "f donee in the ,«1- 

?? rBxoF"-- 5 

tt^forlTj^i" a^pmxiSy clSm!"S app^n^ 

^ c P^.( 4 -t 5 ) 

by putting = r„. 

^ In future we shall denote P/'/ ^ k d n 
—y and „e . .i™a„ „,«&< aVdSi^livS oTK 


(4-14) 
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COMPARISON WITH OBSERVATION 

We take for the observed value of dd the rough mean 
of the values (1.13) and (1.14) so that 

dd — 2-2 X lo”^, dl = 10® parsec 3-1 X 10^^ cm. 
Using these values in (4.15) we obtain, in round numbers, 

~ = 2 X 10“^’^ sec.-i . . . (4.16) 

■fVo 

for the rate of increase of R at the present day. 

To examine the validity of the approximation by which 
(4.15) is obtained from (4.14), we note that distances of 
the order of 5 x parsecs are greater than the distances 
of the faintest nebulae from which the velocity-distance 
relation’ is established. Corresponding to such distances 
we have 

6' = /o - = (5 X 10^ (3-26) (3 X 10’) 

•= 5 X 10^® sec. . (4.17) 

since i parsec = 3*26 light-years and, approximately, 

3 X 10’ sec. = I sidereal year. But neglecting squares 
and higher powers of e we can reduce formula (4.14) to 

dl c Rq Rq \Rq J J 

It follows that the approximation (4.15) is still just valid 
at 5 X 10’ parsecs provided that the acceleration, R^"/R^, 
is of the order of 

We conclude that a space-time of metric (4.3) accounts 
for the observed phenomenon of the recession of the 
nebulae provided that R{t) is such that ha« an 

approximately constant value of 2 x sec.”^ ovetthe 

distances so far surveyed. 

RADIUS OF THE VISIBLE UNIVERSE 

We now seek further tests by which the possibility of 
using the space-time with metric (4.3) for the actual 
universe could be demonstrated. One such test is pro- 
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vided by the formula (4.9). Evaluating, the first integral 
we obtain 


dt 2 2 , \/h\ , ov 

according as /e o, ^ = 0 or A o. Now it might happen 

f^o dt 

that R{t) was of such a mathematical form that 

was a finite number S(t^ depending on /y. The equations 
(4.18) would then imply that, for observations made 
at the origin at the instant /o» there was a maximum co¬ 
ordinate-distance, a(/o), beyond which no objects were 
visible. The value of a in the three cases would be 

^ _ _1 : 


^(^o) = tan- 


cS(t^\ 


WkS(to) 


This possibility could, in principle, be checked observation- 
ally. Let us consider the case A = o for simplicity. The 
nebula with the greatest radial co-ordinate, visible at time t 
from the origin, is situated at {a{tQ)y d, cp) vhere 

a[t^) = cS{U). 

At the later time + dt) this most distant nebula is the 
one situated at a{t^ + dt) where 

+ dt) = cS[U + dt). 

Using Taylor’s theorem and the definition .of S{t^) we 
obtain 

da __ c 
dt Rq 

This clearly gives a measure of the rate at which nebulae, 
previously invisible to an observer at the origin, swept 
intp his field of vision. Therefore observations directed 
to discovering whether or not faint nebulae gradually 
appeared in positions previously empty would not only give 
us information as to the character of the function Rlt) for 
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the actud jiniverse but would provide one of the most 
powgrfrf fi-guments in favour of the present theory as 
against its rivals. 

ff the function *S'(/) exists the corresponding value of 
a{t^ may be called the radius of the visible universe accord¬ 
ing to the observer at the origin. 

THE VOLUME OF SPACE AND THE CONSTANT k 
At any instant t the volume enclosed within radius r is, 
by (4.8), 

r 27 r r^drddsin ddcp 

'(T+krY^f 

I (i + 

Considering first the case ^ + i we obtain 

tan-‘ir 

V+ = 47ti?3| 


V 


m 2ir 
0 

1 :^ 


3 J sin 4^ 

^ Jc 


where tan z = 

Since the maximum value of r is + 00, it follows that the 
total volume of space is finite at every instant and is of 
amount 

F+ = 27t^R\ 

Such a space is called spherical or closed and is said to 
have a positive curvature. Physically it has the property 
of containing only a finite number of cubic miles at any 
particular instant. 

If, secondly, k~o then the volume enclosed within 
radius r is 

V, = 

3 

For a given value of i?, there are an infinite number of 

cubic miles in space and Fq is proportional to as in 

ordinary three-dimensional geometry. Space in such a 
case is said to be flat or of zero curvature. It does not, 
however, follow that a flat space implies a flat space-time. 
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The dimensions of space-time being greater by unity than 
those of space, curvature of the former is compatible ;with 
flatness of the latter. The analogy in two dimensions is 
that of ruled surfaces, on which, in spite of their curva¬ 
ture, one-dimensional straight lines can be drawn. 

Lastly, suppose A = — i. Then 

“1 tanh~'Jr 

J sinh 40 — ar 

Jo 

where tanh z = 

Here again space contains an infinite number of cubic 
miles at any instant. Comparing this case with that of a 
flat space we see that, for the same function R and for the 
same co-ordinate-value r, there is here a greater volume 
than before. Such spaces are called hyperbolic or of nega¬ 
tive curvature and are characterized physically by being 
more ‘ voluminous ’ than flat spaces and therefore, afortiori^ 
than spherical ones. 

LUMINOSITY-DISTANCE, D 

It has been shown [Equs. (1.3) and (1.4)] that the dis¬ 
tance of a spiral nebula is estimated from its apparent 
magnitude by a formula which implies that the brightness 
of the nebula falls off with distance according to the 
inverse square law. We shall now prove ^ that distance 
in this sense is not the same thing as the distance, Z, deter¬ 
mined by measurements with rigid scales, in terms of which 
the red-shift-distance relation (4.15) was expressed. To 
show this we calculate the loss of energy in a train of 
light-waves between the moment they leave a point Pi 
(/*!, 0, o) and the moment of their arrival at the origin Pq 
( o, o, o). 

Considering first the loss of energy in a single photon 
corresponding to a wave of length A, the energy of the 
photon at Pj is hc/X whilst at Pq it is he/{X + dA), where 
h is Planck’s constant. Hence 

Energy of photon emitted at P\ + dX _ Po 

Energy of photon received at Pq X Ri 

by equation (4.12). Again suppose that n photons are 
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emitted at Pj in time df/,. These are received at Pq in 
time dt^ where, by (4.10), dtJdtQ=^ R^/R^, It follows 
that the number of photons emitted at Pj in unit time is 

til = -T- whilst the number received at Pq is 71,2 = ^ 
dt'^ cIIq 

where 7Zi, ti^ are related by 


dt^ Pi 

uIq J\q 


Now the energy, P, of the radiation from Pj which falls 
on unit area perpendicular to the radius-vector P^Pi at 

Po is 

E = (number of photons arriving per unit time) X (energy 
per photon) X (solid angle subtended at P^ by this area). 
If therefore dco denote the solid angle, we have 




With regard fo rfa), we remember that the particles Pi, P„ 
have fixed co-ordinates (r, 6, <p). We can therefore define 
d(o to be equal to the inverse square of the radius of the 
sphere of co-ordinate radius Vi centred at the origin, and 
measured by rigid scales at the moment of receipt of the 
light at Pt). It follows that dco is (— c^) times the reciprocal 
of the coefficient of {dO'^ + sin^ ^9?^) in the expression (4.8), 
calculated at the moment Hence 


If we write 


we have 


_ ^ (i + 

- 1 'RS .■ 


R 2 


R, I + 


nJic/X 


(4*19) 


Thus if we have a number of similar sources of light of 
wave-length X with different co-ordinates r,, their apparent 
magnitudes will vary according to the inverse square of 


5 
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the quantity Z). For this reason D is called the luminosity' 
distance^ or the distance corrected for red-shift and curvature 
On the other hand, the distance of the same source a 
the moment of emission of the light as it would be measurec 
by rigid scales is 

dr 

^ 0 r+lrV4 ■ ■ ■ 

It is clear that I and D are equal only so long as {a) r^/. 
is negligible compared with unity, (b) R(tf) is approximate! 
equal to R{to). In these circumstances the formulae (4.15 
and (4.20) become 

D = Rf/i = /. 


THE iV, 6 RELATION 


We now come to a formula which, after the approximat 
velocity-distance relation (4.15), is the most easily com 
parable with observation. It connects the number c 
particles lying in a shell of radii rj and r^ + dr with th 
increment of the Doppler shift as we pass from one sid 
of the shell to the other. 

Every particle of our system has fixed co-ordinate 
(r, 6 , (p) in the space-time (4.8) and the fluid composed c 
these particles is isotropic and homogeneous throughoi 
all space at a given value of /. Consider for a momer 
the space in which,the particles have fixed co-ordinate 
whose metric is 

dr^ + r^dd^ r^ sin^ Odw^ 

*■“—■ 

In this space, a volume determined by rigid scales an 
corresponding to co-ordinate-increments dr, ddy dcp at th 
position (r, 6, cp) would be 


where 


dv = dli.dl^.dl^, 


dk = 


dr 


dL = 


rdO 


dh^ 


■ sin ddcp 


I + ArV4’ “ I + ArV4» 

The number of particles per unit volume must be th 
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;ame throughout this space. Lfet this number be a. Then 
n volume dv the number of particles is « = ocdv. But in 
ictual space-time (4.8), the volume corresponding to dv is 


Sence 


w = a 


dV 


Thus the number of particles, dN, lying inside the shell 
)f radii ri and ri + dr is 


« f 1 

io that finally JAr= . . . (4.21) 

To 4:onnect N with 5 , we note that the Doppler shift 
observed at time to at the origin from light emitted by 
any particle within the shell at time is [by (4.12)] 



. . (4.22) 


since the time taken by light to travel through the shell is 
negligibly small\ For the motion of a light-ray we have, 
as always, 


dr _ r*o dt 

,(x+krV4)~l,W) 


(4-23) 


It is possible to expand the right-hand sides of equations 
(4.22) and (4.23) as series in (^o — ^1) and thus to express 
ri as a function of d. Using this value of ri in (4.21) we 
obtain a formula connecting dN/dd and d. The necessary 
calculations are long and complicated. They have been 
carried out by W. H. McCrea ^ and K. K. Mitra and 
yield, to the order 
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This is the formula we require. We shall find that by 
combining the observational formulae (1.5) and (i.n), it 
is possible to obtain an empirical relation corresponding 
to this theoretical formula. 

. Before proceeding, we note that the first approximation 
to (4.24) is 

dN 47 rac^oo 

and that this holds for all functions and for any value 
of k. 


EMPIRICAL iV, d RELATION 

The empirical formula corresponding to (4.24) is deduced 
as follows. We have 

logio 5 = 0-am — 4-967 . . . (4*25) 
logioiV = o-$oim — 2*758 . . (4*26) 

Since the first formula has been established for values of 
m down to 17 only, whilst the second holds down to 
w = 21, some extrapolation of (4.25) is necessary before 
the formulae can be used together. .There are two possi¬ 
bilities to be taken into account: 

(A) The velocity-distance relation may, after m — 17, 
so completely alter its character that (4.25) is no longer 
even as good an approximation to the true relation as 
(4.26) is to the accurate logio N, m relation. In a universe 
whose most striking large-scale characteristic is uniformity 
such a sudden discontinuity appears highly improbable. 
But, of course, there is no observational evidence against 
such a hypothesis. If it is accepted, there is no possi¬ 
bility of using (4.25) and (4.26) as we propose to do for 
determining the curvature of space. 

( 5 ) Alternatively, bearing in mind the admittedly 
approximate character of (4.26), we may extrapolate the 
velocity-distance relation (4.25) to tw = 21 ^3:^ it stands. 
This is equivalent to regarding it as a good approximation 
to the truth down to this magnitude. 
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Eliminating m from (4.25) and (4.26) we obtain 

^ = 4-57 X io» as . . . ( 4 . 27 ) 

TT dN 

Hence -^=1-14x101053 . . . (4.28) 


Comparing this with (4.24), it appears (since 5 < i> that 
we have here a more rapid increase of N wiih d than is 
predicted by the first approximation 


dN 

dd 


52 


of the theoretical formula. 

We can, however, account for (4.28) by means of approxi¬ 
mations of higher order in (4.24). To do this it is first 
necessary to represent the function 5^, in the range corre¬ 
sponding to m = 18-47 to m = 21-03, by a power series 
in d whose first term involves 5 ^. We calculate from (4.25) 
the associated values 


m = 18-47 
d = -05 


19 19-4 20 

-07 -08 -II 


21-031 

•17I 


(4.29) 


where the values of m are those to which the five nebular 
counts were made. Assuming that 


5 “ = aid^ +■ 


and substituting for 5 from {4.29), five equations are 
obtained giving the five constants to a^. We obtain 

ail ={6-25295^—40-0595^+75-5425^+177-125® — 71-2755®} 

(4-30) 

Dividing out here by the coefficient of 5 ^ and substituting 
in (4.28) we arrive at an expansion for dN/dd whose first 
two terms are approximately 

1-14 X 6-25 X 6-41^®+ . . .} . (4.31) 
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CURVATURE OF SPACE 

Comparing the coefficients of and 6® in (4.24)’'*' and 
(4.31) we obtain, after division of (4.24) by (i + 5), 

= 1-14 X 6-25 X loio . . (4.32) 


and ^-j^{2Rq"Rq — — 6*41 . . (4-33) 

To these we add the result (4.16), viz. 

Rq' ,, , . 

^ = 2X10-1’. . . . (4.34) 


In addition to these we have the formulae (4.4) and (4.5) 
for the pressure and density of matter in the universe. 
The pressure is supposed to be due to the random motions 
of the nebulae, by which is meant their individual motions 
after the general motion of recession has been deducted. 
Since these ‘ proper-motions * are comparatively small, it 
is usual to assume that ^ = 0 in (4.4), Hence we have 

. /Ro'Y 2R0" c^k , , 


8 nyp = — A + 3 



2 


R * 


(4-36) 


where = 1*674 x io“®. • • (4*37) 

Putting ^ = 0 in (4.6) gives p i/Rq^, so that if Mq is 
the mass of an average nebula 


P 3-^0 .... ( 4 * 3 ®) 

Using (4.32) and (4.38) we obtain 

^ I-I4X6-2SX lo^^ /Ro'Y 
^ 4 Jrc» ^ 


* Comparison of the^coefficients of higher powers of 8 in (4*24) 
and (4-31) merely yields the values of the derivatives Rq"\ 
etc., of Rq. These are of no interest in the calculation of the 
curvature of space. 
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which, with = 2 X 10^* gr. and Ra/Ra given by 
(4.34), yields 

p = 3-4 X io-®“ gr./cm .3 . . (4.39) 

in agreement with the estimate of gr./cm.® given 

by Shapley. The equations (4.33) and (4.34) give further 

R " 

^ — 3-4 X io-8« sec.- 2 . . (4.40) 


whilst on adding (4.35), (4*36), we have 


zkc^ 


= 8;ryp-2(^)V 


2i?o 

X 


In this equation we substitute from (4.37), (4*39), 
and (4.40). It becomes 


I 




= 57 


X 


10-36 __ 10-34 ^ 


(4-,41) 

(4-34) 

(442) 


Clearly the second term is much larger than the first so 
that approximately we have 

A = - I . . . . . (4.43) 

Rq^ 11 X cm. = 3*5 X 108 parsec. (4.44) 

Lastly, from the equation (4.35), making use of (4.34), 
(4.40) and (4.42), we obtain 

A = — 10-3 X 10-34 sec .“3 . . (4.45) 

A similar calculation, using (1.12) instead of (4.25), reveals 
that the general character of these results is not altered 
materially by using the maximum value of the constant 
term in the velocity-distance relation. 

Summarizing the conclusions arrived at in this paragraph 
we may say that the nebular counts indicate a hyperbolic 
space of radius 3*5 X lo® parsecs. The rate of expansion 
of the universe is being retarded and the value of the 
cosmical constant is also negative. At any instant space is 
infinite and the average density of matter in the universe 
is of the order of io~^^gr./cm,^. These conclusions must, 
however, be accepted with caution. * It has already been 
pointed out that the nebular count formula is subject to 
large errors : we have now increased the uncertainty by 
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making the extrapolation denoted by (B) on page 6 
In the opinion of Sir A. S. Eddington,’ the probat 
errors are so great that the nebular count material may 1 
regarded as consistent with a universe of very large positi 
radius of curvature so that all space so far surveyed 
effectively flat. 


EINSTEIN AND DE SITTER UNIVERSES 

There are two special cases of (4.8) w^hich are of theorei 
cal and historical interest. The first case, associated wi 
the name of Einstein, arises if 

A = I, R{t) = constant = R^. 

The metric of the Einstein universe is therefore 

Using (4.4), (4.5) the values of the pressure and density a 

Snyp, = A - Snype = — A -h 

In the Einstein universe the radius, R^, is further restrict 
by the assumptions that the pressure of matter is zero ai 
that A ^ o so that 

pe =0, A = Snype =— = zA . (4.4 

Thus Re^ is inversely proportional to the cosmical consta 
and the density of matter is constant in time as well as 
space. There is clearly no expansion and no velocit 
distance relation. 

The Einstein universe has a definite mass whose value 


Me = 


” j^peRe^r^dr 
0 + rW 


= 27C^Re^pe 



so that the total amount of matter in this universe, as w( 
as its volume, are finite. 

The de Sitter universe is obtained by putting, in (4.S 
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The metric is now 


*2 = dt^ - {dr^ + sin® 6 d<p^). 


iubstituting (4.48) into (4.4) and (4.5), we obtain 

Pd ~ Oj Pfi = o. 

)trictly speaking there is neither matter nor radiation in 
his universe. It is, however, usual to regard the de Sitter 
iniverse as a limiting case in which the effect of matter 
nd radiation on the metric has become negligible owing 
0 the greatness of the expansion. The Doppler shift is 
;iven by (4.12) and (4.48) and is of amount 

The total volume of this universe is infinite. 

The obvious defects presented by these two universes 
vhen compared with observation are the absence of a 
Doppler effect in the Einstein case and the ' emptiness * 
n the de Sitter. 


THE TIME-SCALE 


As an illustration of a problem in which the Einstein 
iniverse is involved, we consider the length of time during 
vhich the expansion of the universe has been taking place. 
\ssuming, in the absence of wholly conclusive evidence to 
:he contrary, that /j = + i and p = o we obtain from (4.6), 
IS before, 



(449) 


By (4.5) we alsp have 


/R'y _ 8;ryaM„ . 


(4-50) 


If now we make the further hypothesis that the initial 
state of the universe corresponded to an approximately 
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Einstein condition, we should have the following initial 
values for the radius and density, viz. : 

R = Re, p = Pe. 

Hence by (4.47), (4.49) 

SnycxMo _,2c^ 

~R?~ 


We can therefore write the equation (4.50) in the form 
fdRy_cH Re , ] 

(di) -d"F + ^-3h 


^RRe^^^ + 2Re). 

This equation can be integrated by the substitution 
jR = Re{i + x) to give 

' = —{^ + 2 + V{x^ + 4* + 3)} 



' x + V{x^ + 4J; + 3) - V3 I ~ 
X + Vix’^ + 4JC + 3) +V 3 j_ 


+ constant (4.51) 


for the time of expansion in terms of the radius of space. 
This solution was, historically, the first one used to account 
for the recession of the nebulae and is due to Lemaitre ® 
who originally published it in 1927. 

The second term in (4.51) shows that when x = o,t ^ 
— 00, whilst the first term yields jc = 4- 00, ^ = + 00. 
Theoretically, therefore, the universe starts expanding from 
an Einstein radius and takes an infinite time to acquire 
any value of the radius appreciably greater than Re. But 
it is generally agreed that such a logarithmic infinity is un¬ 
likely to have any physical significance. Indeed, Edding¬ 
ton ^ has calculated that from the time when -R “ 1*5 Re 
to the present day, when R/R = 2 x lo-i? sec.-i, it is 
possible to allow lo^o years at most. Now the evidence 
provided by the physical conditions and the distribution 
of the stars in the Galaxy suggests an age .of yg^rs 
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for these bodies. The expansion of the universe must 
tli«refore have been taking place for only one-hundredth 
pjirt of the time during which the stars have been 
developing. 

To overcome this paradox it has been suggested by de 
Sitter^ that in the actual universe the function R(t) is of 
WLch. a character that the universe contracts during an 
infinite time, reaches a minimum radius and then starts 
expanding. VVe happen to be obsen'ing it in this latter 
staige. However, it turns out that the time from the 
moment of minimum radius to the present day is now only 
some 10® years. Stellar evolution, on this hypothesis, must 
t He ref ore have been practically complete before the present 
expanding stage of the universe began. The shortness of 
tH« time-scale thus remains an outstanding problem of 
cosmological theory. 

THE UNIVERSE AND THE ATOM * 

It would take us too far afield to discuss the modifica¬ 
tions introduced by Eddington into the quantum theory 
wHich bring it into harmony with general relativity. One 
of the results of his discussion, however, is the possibility 
of treating the theory of the Einstein universe first by means 
of general relativity and secondly by the generalized 
quantum mechanics of a system of particles in their funda¬ 
mental state of lowest energy. The Einstein universe is 
also wgarded as the initial state of the actual universe as 
was done in our discussion of the time-scale. Eddington 
then finds a formula for the number of particles in the 
nriiverse in terms of the constant of gravitation, the masses 
of the proton and the electron, and the electronic charge. 
By means of this number, the mass of the initial state of the 
universe is obtained and its radius calculated. The latter 
is approximately 

— 4 X io» parsec. . . . (4.5Z) 

It is also possible to show that the limiting velocity of 
recession of distant objects is 

432 km./sec. per lo* parsec. 
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According, therefore, to Eddington the metric of the 
universe is that originally given by Lemaitre [Equ. (4.51)] 
but with the addition of the particular initial value (4.52) 
for the radius. There is thus no need to appeal to nebular 
counts to determine the nature and amount of spatial 
curvature. And the fact that these counts suggest a 
hyperbolic universe, in which A == — i, is most probably 
due, in Eddington’s opinion,’ to the uncertainties of the 
observations. 

A much more serious difficulty in the way of accepting 
Eddington’s solution of the cosmological problem lies in 
the form which he gives to the quantum theory and on 
which the whole result turns. Considerable criticism of 
Eddington’s ideas exists and comes most strongly from 
workers in the field of quantum theory itself. 

CONCLUSIONS 

' Summarizing the results of this chapter, we may say 
that the expanding universes of general relativity, which 
assume that the matter in the universe is, on the average, 
evenly spread out in space, give a satisfactory account of 
the observed phenomena. They indicate that the volume 
of space so far surveyed is a small fraction of the whole. 
But whether this is due to space being hyperbolic and 
therefore infinite in extent or whether it is because space 
is spherical but of very large radius, are questions which 
cannot yet be answered with certainty. At most, it may 
be said that the balance of astronomical evidence is in 
favour of hyperbolic space. The length of time from the 
moment when the nebulae were closest together to the 
present day is of the order of io^° years at most. This 
is a period one hundred times shorter than that indicated 
by the present state of stellar evolution. 

Incidentally it has been found that the term ‘ distance ’ 
in an expanding universe is ambiguous so long as the 
method of measurement is not specified. Distance in 
terms of measurements with rigid scales is not the same 
thing as luminosity-distance deduced from apparent magni¬ 
tudes. This dependence of the meaning of distance on the 
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3cesS of measurement we shall find ernphasized in the 
^^j^atical theory of the universe to which we now proceed. 
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CHAPTER V 

THE KINEMATICAL THEORY OF THE 
UNIVERSE 

I N the previous chapters the general theory of relativity 
provided us with a scheme of ideas which had already 
achieved success as a theory of gravitation. We found 
that this scheme, which accounted for the small-scale 
gravitational motions observed in nature, was equally 
capable of dealing with the structure of the whole uni¬ 
verse. But a moment’s reflection will convince the reader 
that the most striking phenomenon exhibited by the uni¬ 
verse, the recession of the spiral nebulae, has very little 
resemblance to gravitational phenomena as exhibited in 
the motions of planetary systems, double stars, &c. It is 
therefore legitimate to inquire whether a theory of the 
universe can be constructed without an a priori appeal to 
a theory of gravitation. The problem which was set by 
E. A. Milne, and of which he gave one solution, was that 
of first building up a theory of the whole universe and 
then, if possible, of deducing from it the necessity of 
small-scale gravitational motion. 

GENERAL PRINCIPLES 

We shall, with E. A. Milne, abandon the greater part 
of the fundamental assumptions of general relativity and, 
in particular, the principle of covariance. This we do 
because it is well known in practice that certain co¬ 
ordinate systems are greatly superior to others. Never¬ 
theless, the notions (i) that every event is specified by 

70 
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ur co-ordinates, (f, x^y a?®), the first of which has the 
mensions of time and the other three those of length, 

) that all events may be mapped in a Riemannian space- 
ne with metric 

^ - 2 gpqdx^dx^ . , ( 5 *^) 

p,q^l 

id (iii) that the world-lines of light-rays are null-geodesics 
space-time, appear to be implicitly retained in kine- 
atical theory. The interval ds in (5.1) will now, how¬ 
ler, have the physical meaning of the proper-time be- 
/een two events only if these lie on the world-line of 
ime specified observer who carries a clock. If this is 
)t the case, ds need not have a meaning in terms of 
lysical measurements. 

We shall again assume that the nebulae of the actual 
^Averse are represented by particles which appear as 
)ints in space. But we shall now suppose that these 
irticles are in motion relative to the co-ordinate system. 
nployed, in such a way that, as t increases, every particle 
jcedes from all the rest. It follows that, for some value 
: ty a state of ‘ maximum closeness ’ of the particles must 
ive occurred. For mathematical simplicity, we regard 
lis state as being the actual coincidence of all particles at. 
le position = o, = o, ac?® = o at ^ = 0 and we call 
le event with these co-ordinates the event 0 . In the 
ibsequent motion, we postulate that every particle moves 
irectly' away from 0 . More exactly, if at the event 
'(^, x^)y a particle has the four-dimensional velocity 

fdt dx^ dx^ dx^\ 

\di 'dl^ U) 

len the latter is parallel to the velocity with which the 
article left O. We are thus led at once to conclude that 
le world-line of a particle is the path of an absolute 
arallelism in space-time which passes through O. All 
le particles of the system, of course, move along the 
aths of the same absolute parallelism defined in terms of 
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some one set of fundamental vectors. Their equatibns of 
motion will therefore, by (2.32), be of the form 


At 

dF' 


pi ^ 3 > 4) (5*^) 


and, since we have abandoned the principle of covariance, 
there is no need to investigate a priori the question of the 
invariance of these equations under co-ordinate trans¬ 
formations. In (5.2), s is^ by definition^ the proper-time of 
the particle tracing out the path. 

We have thus at the outset been led to abandon the 
principle of equivalence which states that the world-line 
of a material particle is necessarily a geodesic of space- 
time. We have substituted for it the notion that the 
world-line is orientated towards the peculiar event O. 
We shall nevertheless find that, by a special choice of 
metric and of absolute parallelism, it may happen that the 
world-lines of material particles are still the geodesics of 
space-time. 

Having defined the motion of a single particle, we shall 
next (page 87) regard the whole system of particles as 
forming a fluid in motion. This fluid will be charac¬ 
terized by possessing, at each event P, density and momen¬ 
tum. We define these as follows. At the event P there 
is a particle of the set whose velocity is 



(r = I, 2, 3). 


I'he density of the fluid at P is then and its momentum 


( dx^ dx^ dx^\ ■ 1 

postulate that this fluid 

obeys the equation of continuity defined by the metric. 

The definition of the density-momentum vector and 
the continuity requirement correspond to the use of the 
Einstein gravitational equations in the expanding universe 
theory to define the state of matter in the universe. 
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THEORY OF EQUIVALENCE 

Our first step must be to define the physical meanings 
of the co-ordinates (^, which we propose to use. We 
abandon the definitions of general relativity, as well as the 
notion of a rigid measuring-rod, and rely only on the idea 
of time. 

The reason for doing this suggested by E. A. Milne is 
that human observers have an intuitive notion of the lapse 
of time, but not of spatial distance. The latter is a sub¬ 
sidiary notion derived from that of time. Without attempt¬ 
ing to justify the philosophical implications of this doctrine, 
we may well admit that measurements of distance are re¬ 
ducible to measurements of time by means of the following 
device. Let there be an observer armed with a clock, 
and let him send out a light-signal to a distant point jB, 
where it is immediately reflected and returned to A. 
Then A can regard the distance of R as a certain function 
of the times of dispatch and return of the signal as read 
on his clock. 

Accepting this method of reducing space to time mea¬ 
surements, we can define a class of observers called by 
Milne equivalent^ Two such observers and A^ are 
defined as follows. Let be the proper-time of emission 
by Aq oi 2i light-signal which reaches Ai at his proper¬ 
time s^. Conversely, let s^ be the proper-time of emission 
by Aj_ of a signal which reaches Aq at proper-time Sq. 
Suppose also that + c is some parameter specifying the 
signal from Aq to Ai and — c that from A-i to Aq. Then 
u 4 o and Ai are equivalent observers if there exist relations 
of the form 

Fo(^o > c) = o, ^1(50, , c) = 0 . . (5*3) 

which are {a) independent of the particular light-signals 
used; {h) convertible into one another by interchanging 
5*0 and Si and Si\ and changing the sign of c, 

* This use of the term ‘ equivalent ’ has no relation to its use 
in general relativity where it figures in the ‘ principle of equiva¬ 
lence \ 

6 
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A set of equivalent observers occurs when any observer 
of a group is equivalent in the above sense to all the other 
members of the group. 

In what follows we shall limit ourselves.to the following 
special problem. Firstly, we shall assume a metric of the 
form 


dt^ ~ 


ds^ = -- 




(x^Y + {x^Y + 


where the co-ordinates are undefined except for their 
dimensions. The constant c has the dimensions of velocity 
and the constant X' 2 (^o) those of (time)“ 2 . We also 
assume that the peculiar event O has the co-ordinates 
(o, o, o, o) so that near 0 the space-time is flat. Secondly, 
we shall choose the fundamental vectors of our parallelism 
so that at O the directions of these vectors shall be 
coincident with the directions of the co-ordinate axes. 
Thirdly, we shall assume that the observers are attached to 
the moving particles whose world-lines are paths through 
O. Thence we shall determine which observers are equiva¬ 
lent and what physical meanings can be given to the 
co-ordinates. 

The foregoing choice of metric and of absolute parallel¬ 
ism is justifiable only a posteriori on the grounds that it 
leads to the most obvious generalization of Milne’s original 
kinematical theory and that it also enables us to compare 
this theory most easily with general relativity. It is not 
difficult, however, to apply the method we shall use to the 
construction of kinematical theories in other space-times 


WORLD-LINES OF OBSERVERS 

We calculate first the finite equations of the observers’ 
world-lines. These are given by the solutions of the 
differential equations (5.2) corresponding to paths passing 
through O. For simplicity we put 

ict = ics = r . . . . (5.5) 
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r I i^r + (5.6) 


so that the metric takes the form 

dr^==e^^ S {dxpy . . . (57) 

j>=i 


At (J, the value of q is zero. Hence the fundamental 
vectors, which must be coincident with the co-ordinate- 
axes at that point, are 

^h.p^d;e^, Jiv = 6ie-t . . . (5.8) 

The paths are; then 


dx^ ^ 

dx^ dx dx 


{k — I, 2, 3 » 4 )> 


and their first 
through O are 


and second integrals for paths passing 


do(^ 

dx 



and x^ = tanh —r (^ = i» 2, 3, 4) . (S* 9 ) 

K Cl 

The constants of integration, are connected, in virtue 
of (5.7), by 


S {A^)^ = - I . . 

A:»l 

Returning to the real variables t, s vft put 

(s ■ 


V(1 - vyc^) 


■ (S-io) 





©’• 

_ vyc^) 


= (y = 


I, 2, 3 )- 


(S-”)- 
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These constants therefore give the value of the' four¬ 
dimensional velocity at O where, of course, ^ = o. Hence 
we obtain 

= (r=i. 2. 3 ). 

and the relation (S-io) now becomes 

S .... (S.I2) 

f=i 

( dx^\ 

— \ = (r = I, 2, 3). 

We may therefore say that o®) are the components 

of the co-ordinate-velocity, F, with which the obsei^^er 
in question leaves the event O. 

The finite equations of an observer’s world-line are 
therefore 


t = ^tanh J&, ^ ^ ^^9 


(r=i, 2, 3), (5.13) 


where we have chosen 5 = 0 at O. 

We shall also require the following form for the first 
integrals of the world-lines. Consider 


- W±W±W|. 


Substituting from (5.13), this gives Ka = tanh along 
an observer’s world-line. Hence, along this world-line, 

/? = t/a, = x'/a, (r = i, 2, '3), 
and finally 




dy? of 


(r= I, 2, 3), 


(S-H) 


which gives the four-dimensional velocity of the observer 
at the event {t, of). 
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NULL-GEODESICS 

Since equivalence involves the sending and receiving of 
light-signals, we require also the finite equations of the 
null-geodesics of the metric (54). In the notation of the 
last paragraph, we have dr = o along a null-geodesic. 
Hence if i/jl) is an imaginary parameter varying along 
one of these curves, we have 


4 /dx^Y 


= o 


(S-IS) 


The non-zero ChristofFel symbols are (there being no 
summation convention) 


{wiZ, m} = — {mniy 1} = {//, /} = 


dq 


where w =t= ^ 2, 3, 4. Substituting these into the 

equations (2.22) of the null-geodesics and using (5.15), 
we have 


d^x^ . dx^ dq . 

djjr^ + ^dji' dji' 

the first integrals of which are 

a* „„ ,, . 

(*=1,2,3, 4). 

We return to real variables Z, and we also put 


ic, or =^pr {r = I, 2, 3). 


We then obtain 


% = J 3 )> (S-i6) 

so that, by (5.15), 

i {pry = c^ .... (5.17) 

r«i 1 

dx^ 

From (5.16) it follows that == {r = i, 2, 3), at all 
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points of space-time. Hence are the components 

of the constant co-ordinate-velocity c with which the null- 
geodesic is traced out. This co-ordinate-velocity is there¬ 
fore identifiable with that of light. 

The integrals of (S-i?), giving a null-geodesic through 
the event (^o, ^o^ ^o^ ^o®)> are 


= (»'=I. 2 . 3 ) (S.i8) 

where a and b are constants given by 


a = I - iiCaJ 






b = 2-^{- c\ + + V/>* + V/*®}- 


These are therefore the required finite equations of a 
null-geodesic. 


EQUIVALENCE OF OBSERVERS 

Consider now two observers and Ai whose world¬ 
lines are respectively 

t = ^ tanh Xio, ^ = ^^^tanhi&o 2, 3) (5.19) 

and 


Jf = ^ tanh Ks^, tanh Ksi (r == i, 2, 3) (5.20) 

where 

/3o = i/V(i - VoVc% Pi = i/V(i “ ViVc^)^ 

Let ^0 emit a light-signal at the event (^o, on his 
world-line, which meets ^,’s world-line at the event 
(f„ x^^). For definiteness suppose that and x^^ 

(r= 1, 2, 3). l\he two events must also lie on a null- 
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geodesic. Taking ^ = o at V). we have by (5.18), 
(5.19) and (5.20) 

to = |tanh Kso', V = ^ tanh Kso', {r= 1,2,3) 

JCi’’ = V + ('■ = I. 2, 3) 

where So is the time by .^o’s clock at which he emits the 
signal and Sj is the time by . 4 i’s clock at which the latter 
receives it. From (5.21) we obtain, by eliminating /i, to, h, 
w/, *1% the three equations 

p'{^y tanh Ksi — /S„ tanh Kso) 

= (fi'/Sitanh Ks^ — Vo% tanh Kso) (r = i,2,3). (5.22) 

But, by definition, if Ao and Ai are equivalent there must 
be one relation only between So' and ri, which is not de¬ 
pendent on the particular moment at which the signal is 
made. We can make Ao and Ai equivalent by putting 

t'l’" = P' 0 (Vi}, Vo' = 0 {Vo) (r = I, 2, 3 )- 
To prove this, we square and add each set of three equa¬ 
tions. We obtain 

Hence, Using (5.12), (5.17). 

0 (U„) = ±FoA; e(F 0 = ±F,/c . (5.23) 
Choosing the upper signs, we have 

p'=~'°^= l^c, (r = I, 2, 3) . (5.24) 

so that the light-signal has a positive velocity in the co¬ 
ordinate system and is therefore travelling from .<40 to Au 
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as already assumed. The three equations (5.22) now 
reduce to the single equation 

where is the proper-time of emission by Aq^ and Si the 
proper-time of receipt of the light-signal by A^. On the 
other hand, if we had taken the lower signs in (5.23) so 
that 

^c, {r = I, 2, 3) . (5.26) 

the light-signal would have been travelling from Ai to 
Aq, We should then have reduced the three equations 
(5.22) to 



tanh Ksi (5.27) 


where now is the proper-time of emission by and 
that of receipt of .4 0 of the light-signal. It is easily seen 
that (5.25) and (5.27), which correspond to (5.3), are 
symmetrical in the sense that either equation can be 
obtained from the other by interchanging ^o^ ^0 and Si\ s^ 
and simultaneously changing the sign of c. 

Thus two observers are equivalent if the constants 
defining their world-lines and those defining the world¬ 
lines of light-signals joining them are given by (5.24) and 
(5.26). The proper-times of the two observers, which 
are measured by the clocks they carry with them, are then 
calibrated by the rules (5.25) and (5.27). 


SETS OF EQUIVALENT OBSERVERS 

Returning to the equations (5.19) and (5.20) of the 
world-lines of and Ai, we write these in the forms 


*1 


X^ 







- 

^iVVi ~ 



(5.28) 

(5.29) 


and 
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On the other hand, the equation of the world-line of the 
light-signal which passes from Ao to Ai has the equation 
[by (S-i8)] 


c(t - <o) = 


— *0^ 
PV^ 


~WF~ 


— Xq^ 

-y/T' 


(S- 3 o) 


the event (^o, ^o) being on the world-line of Aq. 

; The equations (5.28), (5.29) show clearly that the world¬ 
lines of Aq and Ai are straight lines through the origin 
= 0, = o, = o of the spatial co-ordinates. And 

! the equations (5.24), (5.26) reveal that these straight lines 
must be coincident. Lastly, (5.30) together with (5.24) 
or (5.26) shows that the light-signal also moves along the 
same spatial straight line. Thus, two equivalent observers 
move in space along the same straight line but with different 
i (constant) velocities, the light-signals between the two 
observers also moving along this straight line. 

The construction of a set of three or more equivalent 
i observers is now easy. We have merely to secure that the 
observers of the set move with constant, but different, 
velocities along the same straight line in space, this line 
also passing through the origin of spatial co-ordinates. 


j PHYSICAL INTERPRETATION OF CO-ORDINATES 

1 In the whole of the foregoing theory the only physical 
j interpretation given to the co-ordinates has been a ‘ dirnen- 
ij sional ’ one. The co-ordinate t has been specified no 
further than by requiring it to have the dimensions of 
time and the co-ordinates («;) have only been endowed 
with the dimensions of length. Indeed, a little reflection 
will convince the reader that the theory has so far been 
a matter of pure geometry and that the * dimensions ^ of 
the co-ordinates have been introduced more for the pur¬ 
pose of providing us with a vocabulary* than because they 
were essential to the argument. We can now give a pre¬ 
cise formulation of the co-ordinates of the event {t, x^) in 

* Thus in (5.14) we have been able to speak of ‘ velocity * 
instead of ‘ the rates of change of with respect to j *. 
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terms of the proper-time measurements made by some 
observer, who possesses a clock but no rigid scales. 

Let us regard the co-ordinate system (t, x^) as that set 
up by an observer Aq who gives himself the simplest 
spatial co-ordinates, = o, = o, = o, and regards 
himself as at rest in the system. His world-line is 
therefore, by (5.19) with Vq = o, 

t = ~ tanh Ksq, x^ =0, (r = i, 2, 3) . (5.31) 


Let Ai be a second observer equivalent to Aq- By the 
result of the previous paragraph, the world-line of A^ must 
be a straight line through Aq, so that we may choose the x^- 
axis of co-ordinates to lie along this line. Hence AjJs 
world-line is, by (5.13), 


^ _ I tanh Ksi 

' - K v(i - v,^/c^y 


X^ 


VI tanh Ksi 

K v(i - v,^/c^y 


O - (5-32) 


Suppose now that Aq sends out a light-signal at his 
proper-time which travels to Ai^ is immediately re¬ 
flected there and returns to Aq at proper-time Sq, If the 
proper-time of arrival at is Si (= ^i'), we have, for the 
outward-going signal, by (5.25), 


and, for the returning signal, by (5.27), 

tanh tanh if.. 

Consider now the sum 


tanh Ksq -f- tanh Ksq 

and the difference 


tanh Ksq —. tanh Ksq, 
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We have 

tanh Ksq + tanh Ksq = 


tanh Ksq — tanh Ks^ = 


2 tanh Ksi 

V(I - V,^/C^) 

2V1 tanh Ksi 
c 


= (5.33) 

zKx^ 


(S-34) 


V(i - V,^/c^) c 
where is ^I’s proper-time of receipt as well as of 
dispatch of the signal. The time and space co-ordinates 
which Aq assigns to Ai are therefore 

tanh + tanh Ksq ^ gftanh Ks^ ~ tanh Ksq') 


zK 


zK 


respectively. They involve only the measured proper- 
times ^0 and the constants c and K, Since A^ has no 
rigid scale he mzy* define given by (5.34), to be the 
distance of Ai» We shall see later that the constant K 
can be found by observation so that the arbitrary element 
in (S-33) and (5.34) is the velocity c. If A^ i$ an observer 
similar to terrestrial observers he may adopt for c the 
value 3 X 10^®. This fixes the scale of distance in his 
co-ordinate system in units of length he arbitrarily calls 
‘ centimetres ’ and in units of time he calls ‘ seconds 

Similarly the co-ordinates assigned by A^ to any event 
(f, of) at which there is an equivalent observer, can be 
constructed out of the times of emission and receipt of 
light-signals. We must, however, also assume that A^ has 
a theodolite with which to measure the angles between the 
directions in which the various equivalent observers lie. 
This is necessary in order that the observer may obtain the 
correct orientation of all events around him. 

We shall need an alternative expression for the co¬ 
ordinates assigned to A^, obtained by writing in 

(5.32) and then using (5.27) with = o. The co-ordi¬ 
nates become 


I tanh Ks^ - 

^ - "rP I TT ^ 


Vx tanhi^5(, 


KT+v;/c- - '’-“(s-ss)- 

In these formulae, denotes the time of arrival at Aq of 
a light-ray emitted by A^^ so that f, refer to the moment 
of emission of the signal by . 4 ^. 
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THE MOST DISTANT OBSERVER 

If in (5.27) we put Fq = o and Fi > the proper¬ 
time of arrival at the observer Aq of a light-signal emitted 
by Ai is imaginary and devoid of physical significance. 
Hence c is the greatest permissible speed which an ob¬ 
server visible to A^ mzy have. Putting P'1 = c in (5.35) 
we obtain for the distance of the observer with this velocity, 

^ tanh Ksq. 

This is therefore the maximum distance which the equiva¬ 
lent observer A^ can have in order to be still visible to Aq 
at proper-time Sq. It therefore constitutes the radius of 
the visible universe for the latter. 

This result provides an additional interpretation for 
the velocity c which we have already identified with the 
velocity of the light-signals that equivalent observers 
dispatch to one another. We can now also regard it as 
the limiting velocity possessed by one observer who is 
still visible to another equivalent observer. 

The foregoing method of assigning co-ordinates implies 
that the co-ordinates of an event are significant only if 
that event lies on the world-line of some observer. Any 
event, if such exists, which has never corresponded to a 
moment in the history of an observer has no physically 
significant co-ordinates. 


RECIPROCITY OF METHOD OF ASSIGNING CO-ORDINATES BY 
TWO EQUIVALENT OBSERVERS 


Consider again the observers Aq and Ai, the former 
being at rest in the co-ordinate system (r, x) so that the 
world-lines of the observers are (5.31) and (5.32) respec¬ 
tively. If we transform to co-ordinates {t\ x') by means 
of the formulae 


X 


a 


r = 

jci - V^t 

v(i - 


t - V^x^/c^ 

V(i - 


(5-36) 
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and substitute in (5.32), Ji’s world-line becomes 

t' = i tanh J&i, *'*• =0 (r = I, 2, 3) . (5.37) 


Hence is at rest at the spatial origin of co-ordinates in 
the system (t', *'). On the other hand, ^o’s world-line, 
(S* 3 t)> transforms into 




_ I tanh Ksa 

V, tanh Ksa „ 

K ^/{l - v^yc^y * - 


= o, (5.38) 


so that Ao is moving in this system with velocity — Fj. 
If in (5.38) we write r, = and use formula (5.25) with 
Fi = o, Fo = — Fi, we obtain for the co-ordinates 
assigned to by Ai, the values 




, _ I tanh 

~KV{i + v,/cy 

Fi tanhiCr, *^2 _ „ 
K{i + V,/cy * 


0- (S-39) 


In these, is now the proper-time of arrival at -4 j of a 
signal emitted by at proper-time Sq\ 

The formulae (5.37), (5.38) indicate that (f', x') have 
the same physical meanings for that (t, x) had for Aq. 
It also follows from (5.39) that the radius of the visible 
universe for A^ at proper-time is (c tanh Ks^/2K which 
is precisely analogous to the value of the radius found 
by A^, 

Thus Ax assigns co-ordinates and calculates the radius 
of the visible universe in terms of his proper-time Sx by 
exactly the same types of formulae as does in terms of 
his proper-time ^o- 

Finally, we have the important result that the co-ordi¬ 
nate systems in which A^ and Ax are respectively at rest 
are connected by the formulae of the Lorentz transforma¬ 
tion, (5.36). We must, however, guard against the con¬ 
clusion that this is a necessary property of the co-ordinate 
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systems used by equivalent observers. It only holds for 
equivalence of observers in space-times such as (5.4) which 
are conformal to flat space-time. A different initial choice 
of metric would not prevent us from defining equivalent 
observers, but the co-ordinate systems of such observers 
would not then necessarily be connected by Lorentz trans¬ 
formations.^ 


DOPPLER EFFECT 

We have still to show that the constant K involved in 
the definitions of the co-ordinates has a physical signifi¬ 
cance. At the same time we can show that the velocity 
Vi of an observer Ai can be determined by measurements 
made by another equivalent observer Aq. Let Aq again 
be at rest at the spatial origin of the co-ordinate system 
(/, ^), let AI move along the^c^-axis and consider the Doppler 
shift measured by Aq in the light he receives from A^. 
By differentiating equation (5.27), with Vq = o, the 
Doppler shift found by Aq at proper-time So> is 

Ks,' , 


ds,' ^[i-V,/c) 


sech^ Ksq 


— I. 


Suppose now that this Doppler shift is measured in the 
light-waves of a signal, originally* sent out by Aq at his 
proper-time So\ which Aj^ reflected at his proper-time 
(= and which finally returned to Aq at proper-time Jq. 
By (5-34) we have 


c f F 

tanh Ks( = i-(tanh Ksq — tanh Ksq' 


Hence (5.40) becomes 
1 + 3 = 


/I -+ V^/c\i 

V - ViAj 


- i (tanh Kso -tanh 


sech^X^So ( 5 -40 

In this equation there are two unknowns, Fj and K, and 
three quantities directly observed, and < 5 . If there- 
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fore at some later time Aq repeats the measurement of the 
Doppler shift and of the times of dispatch and return of 
a signal sent to the same obseroer Ai, he will obtain a second 
equation of the same form as (5.41) but with different 
values of Sq\ Sq and 6 . These two equations then permit 
him to find Vi and K in terms of directly observable 
quantities. 

The constant in (5.4) clearly measures the departure 
of the metric from that of flat space-time and is therefore a 
measure of the curvature of space-time. The foregoing 
result demonstrates that, as in the expanding universes of 
general relativity, kinematical theory also predicts that the 
amount of the curvature of space-time can be found by 
observation. 

W e may summarize the results achieved so far by saying 
that the method of light-signals enables any observer to 
construct a co-ordinate system in which all equivalent 
observers can be located. The method also provides a 
definition of the distance of any one of these observers in 
terms of proper-time measurements alone. In this sys¬ 
tem the arbitrary element is the value of the velocity of 
light, c. This velocity is also that of the most distant 
observer visible to a given equivalent observer. Lastly, 
the method of light-signals, together with observations of 
the Doppler effect, provides a means of calculating the 
velocity of any specified observer and, at the same time, 
gives the value of the curvature of space-time. 

SYSTEM OF PARTICLES 

We now turn to the consideration of the whole system 
of equivalent observers each one of whom we regard as 
attached to a material particle. This system of material 
particles, as we have already said, will be supposed to 
constitute a hydrodynamic fluid of a simple type. Its 
state is characterized by a single four-dimensional vector, 
the components of which at any event (^, x!^) are the density 
of the fluid, corresponding to the time-component of the 
vector, and the three components of momentum, corre¬ 
sponding to the remaining components of the vector. In 
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classical mechanics such a fluid would be described [Equ. 
(3.11)] by an energy-tensor whose only non-zero com¬ 
ponents would be (r = i, 2, 3). This particle- 

fluid we wish to identify with the system of the spiral 
nebulae. 

The density-momentum vector describing the state of 
the fluid at every event (t, is assumed to be propor¬ 
tional to the four-dimensional velocity of the particle 
which has travelled from O to the event in question. If 
• therefore the density-momentum vector be denoted by 
(y^ y^ being the density, then, by (S-H)* 

= pi(i - jr = _ K’^cr% (r= i, 2,3). (5.42) 

In these expressions p is a function of (i, It is to be 
determined by our second assumption with regard to the 
fluid, viz. that the vector f) shall satisfy the equation 
of continuity (2.26) defined by the metric (5.4). 

The determinant g for this case is 

}]■• 

= . . . (5.43) 

In order not to have to deal with imaginary quantities, it 
is usual to multiply the equation (2.26) throughout by i 
so that it becomes 

dxP 

With this slight alteration, the equation of continuity for 
our density-momentum vector in the space-time 
takes the form 




f ^ I - 




= o 


(5-44) 
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Performing the partial differentiations, it appears that 
(5*44) essentially a differential equation in which o' is 
the independent variable. This equation is 




do 

The solution is 


0. 


^ aMp (I — K^a^Y 


where is the constant of integration in which Mq 

is the mass of a particle and a is an arbitrary pure number. 
We assume for simplicity that all the particles have equal 
mass which we suppose expressed in grammes so that p is 
measured in gr./cm.^. The density and momentum of the 
fluid at the event (t, are therefore 

olMq 


1 = -5-Z- H J 


3). (545) 

Physically, this result means that an observer Aq rest 
at the spatial origin of the co-ordinate system (/, assigns 
the above values to the density and momentum of the 
particle-fluid in the neighbourhood of an equivalent 
observer at the event {t, ‘ 

If now we consider any other equivalent observer, say 
Aj, who is moving with velocity along the .v^-axis, and 
transform the density-momentum vector to the system 
it\x') in which Ai is at rest, we obtain, using (5.36) and 
the law of vector transformation (2.6) 




where 

We conclude that the density-momentum vector has 
precisely the same form in terms of the co-ordinates 
employed by any observer of an equivalent set, provided 

7 
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hat the co-ordinates are always assigned by the same rule 
light-signals. 


VELOCITY-DISTANCE RELATION 

^ We have now to deduce the velocity-distance relation 
or the particle-fluid and compare it with the observed 
'olocity-distance relation for the nebulae. We consider 
the obsen’er Aq, fixed at the spatial origin of co- 
>rdinates. The three components of velocity of the fluid 
It the event x^) are, according to Ao, 


f\ _ x^\ 

\rrjy[t't/ 


^ence the fluid necessarily has a radial velocity of recession 
amount r/t where Thus 

^ c given value of the velocity of the fluid varies directly 
^th its distance from 

Since, however, the light-rays from events with the 
ty but with different values of r, do not arrive simul- 
aneously at this result does not correspond to the 
€ ocity-distance relation which A^^'observes. Again the 
^ ® proper-time, i.e. it is not 

ne time kept by clock. We have, therefore, to 
two fac™ ^’^l^ity-distance relation to allow for these 

Consider for simplicity the event it Tb<» 

of equyalent**’h eqUal to that 

so smTu £/« suppose that the constant K is 

small that we may wnte in equations (5.40) and (5.35) 

«ch» A, ' = sechs Ks, = r, ^tanh A>„ = (5.46) 

- now 

relativity ^ well-knovTO relation of special 


//L±±iA\ , . 

NV-V,/c)- • • (S-47) 
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whilst the distance of the event is, by (S- 3 S)i 

• • • • (S- 48 ) 

From the latter equation we obtain 



(S- 49 ) 


From this equation it follows that, even for regions round 
the origin for which the approximations (546) are valid, 
the velocity of the fluid observed.by at his proper¬ 
time Sq does not vary directly with the distance but accord¬ 
ing to the law (549). As in the expanding universes of 
general relativity, the present theory gives a linear velocity- 
distance relation only as a first approximation to a more 
complicated lazo. Indeed, to obtain a linear relation from 
(549) it is obviously necessary to make a further assump¬ 
tion, additional to (546), and to assume that is so small 
that x^/c is negligible over the regions of the fluid surveyed. 


COMPARISON WITH OBSERVATION. TIME OF EXPANSION 

The formula '(549) may be regarded as giving the 
velocity V of any observer or particle of the fluid distant 
r from the origin of spatial co-ordinates at time 
registered by a clock at the origin. For the x^-axis of 
co-ordinates may be supposed drawn in any arbitra^ 
direction througla the origin and the relation (5.49) still 
remains true. Hence 

F-- - 

So ~~ rjc 

dr (s„ ^ r/c)^- 

Assuming that the approximations (546) hold for the 
actual universe in so far as it has been surveyed, and 
neglecting also the quantity r/r, the last equation becomes 

i 

dr So 
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In this relation, ij is the proper-time since the pbserve'r 
at the origin left 0 , i.e. the proper-time since the expansion 
of the particle-fluid be^n. Using the same mean of the 
observed values as we did in establishing (4.16) we have 

dV _cdd _s X 10^® X 2-2 X lo-s 
dr dr ~ 3-1 x lo** 

Hence i-b x 10® years. 

lUnematical theory in the space-time (5.4) under the con¬ 
ditions (5.46) therefore gives a time of expansion of the 
order of 2 x 10® years at most. Short as was the time- 
scale provided by the expanding universes of general 
relativity, we have here a shor^r one still. But too much 
importance cannot be attached to this result as we are not 
in a position to say to what extent it is dependent on our 
assumption that all the nebulae initially coincided. As far 
fs it goes, however, it is a reason for preferring the expand¬ 
ing universe theory. 


SPACE-TIME OF SPECIAL RELATIVITY 

The conclusions of the last two paragraphs lead us at 
once to the consideration of the limiting case K=o. 
- The metric is now that of special relativity 

^ + (dx®)® 4- (dx®)®} (5.50) 


and the density-momentum vector reduces to 


oMp t 

q.4* ^ ^3 ^ 


1,2,2). ( 5-50 


The formulae (5.47) to (5.49) are now exact and hold for 
all distances, whilst the co-ordinates assigned to the event 
(t, o, o) by the stationary observer at the origin are 


= — __ ^1^0 

+ V,/c' * + 


(5-52) 


This case was studied in detail by E. A. Milne, who, 
however, used a quite different method of development 
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from the one we have adbpted. The simplicity of the 
formulae (5.51), (5.52) makes them particularly suitable 
for comparison with observation. If they should prove 
inadequate, it is always open to us to use the more compli¬ 
cated scheme given by starting from the metric (5.4). 

A striking contrast with general relativity appears when 
we remember that, in the latter theory, the space-time of 
special relativity corresponds to a complete absence of 
matter and radiation. We have now obtained a theory 
in which it has proved possible to combine flat space- 
time with the presence of matter. 


THE Ny d RELATION 

Restricting ourselves to the case (5.50) we shall now 
compare the observed nebular count formula with theory. 
We first transform (5.50) to polar co-ordinates and obtain, 

by (4-7). 

ds^ = dt'^ — + r^d 6 ^ -f- r* sin® Odr/fi). (5.53) 


In this co-ordinate system the density-momentum vector 
takes the form 


. 1 ii = ^ -2 — 


P = O ; 


^ t 


2 


2/^2 


( 5 ’ 54 ) 


which follows on using the vector-transformation law 
(2.6). The distance r and time-co-ordinate t associated 
with the event (/, r, 0, qj) by the observer at his proper¬ 
time Sq are now 

xArV/e I + V/c ■ * ^5-55) 


where V is the velocity of the equivalent observer at the 
event. Incidentally these expressions clearly demonstrate 
the spherical symmetry of the fluid round the origin. 

Proceeding now to the determination of the theoretical 
rate of increase in the number of nebulae with Doppler 
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shift, we have the following preliminary results, 
the equations (5.55) we obtain 

c — r/c 

whence 


From 


t+r=_ 

C 


I — 


- — ~ 

■'0 ~ r/c ’ 


(5.56) 


r/c' c 

These yield, using (5.55) again, 

i = ^0 - = ^. (5.57) 

Writing V = Fj in (547) and using (5.56) we obtain 

Sn 


(t + dr = 


from whi<;h we deduce 


• zr/c 


r = — 

2 (i + ( 5)2 


(5.58) 


(S-S9) 


We can now calculate the number of nebulae lying in the 

• -ill ^ ^ + dr which are simultaneously 

visible at time Sq at the origin. We transform the vector 
\J > f) from the co-ordinate t to the ‘ co-ordinate * by 
means of (2.6), (5.55), and obtain 


dN = 


Eliminating V, t by (5.56) and (5.57), we have 
r _ 4cia. r^dr 




zr/c)® ■ ■ ■ 

Again, on differentiating (5.58), keeping s, fixed, we obtain 

So dr 


(i + 6 )dd = 


(S-Oi) 


(so — 2r/c)® c 

so that, introducing (5.61) into (5.60) and eliminating r by 
(S-S9). we obtain finally ^ ^ 


1 ( 2 +dr 
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As in the universes of general relativity, the first approxi¬ 
mation is again 


dN 

d6 


( 5 *. 


The first three terms in the expansion of (3.62) are now, 
however, 

^ = 45Ta((5« — 25 ® -I- . . . ) . (5.63) 

Comparing this formula with (4.3 1 )> it follows that we have 
here a too rapid increase of nebulae with Doppler shift as 
compared with observation. But it is very satisfactory that 
the theory does predict an apparent outward increase in the 
number of nebulae of the type which the observed counts 
suggest. It will require much greater certainty with re¬ 
gard to the observed nebular-count formula before (5.63) 
can be definitely rejected as contrary to observation. 


KINEMATICAL THEORY AND GENERAL RELATIVITY 


Returning to the more general metric (5.4), let us trans¬ 
form the co-ordinates {x\ x\ x^) to polars (r, 0, cp) by 
(4.7) and then transform ty r to Ty z by 



i+^V4 

I-^2/4 


tanh KTy 




We obtain 


ds^ = 

dT^ — -L sinh® 
4K® 


sin® ddf^) 


(5-65) 


Comparing this with (4-8) it follows that the metric ^- 4 ) 
in terms of the co-ordinates {T, z, 6 , cp) is that of an 
expanding universe of general relativity in which 


R{T) = ^sinh zKT, k= - i 

so that space is hyperbolic. Again, vve can wiAout loss 
of generality regard the observers Ao and whose 
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world-lines are given by (5.31) and (5.32) as two typical 
equivalent observers. In terms of (T, s, 0, (p) world¬ 
line becomes 

tanh KT = tanh jK>o, ^ 3 ^ = o, 0 = o, 9 ? = o, 
whilst ^I’s is, writing r in (5.32), 

tanh i!:r=tanh Ks^, s=2 Q^o, <f=o. 

y i/c 

Hence and have fixed co-ordinates (s, 0 , cp) and the 
co-ordinate T measures the proper^time of both. But 
referring to (4.2) this means that the world-lines of 
and Ai are geodesics of the hyperbolic expanding universe 
of general relativity with metric (5.65). Our two equiva¬ 
lent observers are therefore a pair of ‘ relativistic ’ observers 
who have lost their rigid scales and have fallen back on 
the method of light-signals for the determination of dis¬ 
tances, &c. Many investigators ^ have pointed out that, 
when the co-ordinate systems of equivalent observers are 
related by Lorentz transformations, kinematical theoiy 
bears a strong resemblance to the theory of hyperbolic 
universes. From the present point of view, this arises 
from the fact that in such universes geodesics and paths 
of certain absolute parallelisms happen to be identical. 

COSMOLOGICAL PRINCIPLE 

We have found that the expressions for the co-ordinates 
in terms of proper-times, the radius of th e visible universe, 
and the density-momentum vector preserve the same formal 
expressions MTid&x Lorentz transformations. There is there¬ 
fore invariance of form, but not, of course, of value, on 
transforming from the co-ordinates of one observer to 
those of an equivalent observer. This is expressed by 
E. A. Milne in a cosmological principle which states that : 

* The development of the universe appears to he the same for 
each observer of an equivalent set^ every one of whom assigns 
co-ordinates by the same method" 

In Milne’s presentation of the theory this principle is 
made the starting-point and an attempt is made to build 
up the whole theory from it. But it does not prove pos-* 
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sible to advance very far without additional hypotheses 
which appear to be equivalent to the assumptions that all 
events are plotted in the flat space-time of special relativity, 
that distances are then assigned by the method of light- 
signals and that every event is orientated towards the 
special event we have called O. This is a much more 
specialized state of affairs than that contemplated by the 
cosmological principle. The latter corresponds roughly 
to the principle of covariance in general relativity, since 
it indicates the type of formulae we are to use in the descrip¬ 
tion of the universe, viz. such formulae as are invariant 
on transforming from the co-ordinates of one equivalent 
observer to those of another. Like the principle of 
covariance, the cosmological principle is too general to carry 
us very far without supplementary assumptions. 

GRAVITATION 

It still remains to discuss the meaning of gravitation in 
kinematical theory. There is general agreement amongst 
investigators that gravitation is connected with the exist¬ 
ence of accelerated particles of matter in the universe and 
that the accelerations of such particles must, in the first 
appi'oximation, reduce to the Newtonian inverse square 
law of attraction. But there is considerable disagreement 
as to what kind of acceleration^ reducible in this way, is 
to be accounted gravitational. 

The most determined attack on this problem has been 
made by E. A. Milne.® Restricting himself to flat space- 
time and interpreting the cosmological principle as mean¬ 
ing invariance under Lorentz transformations, this author 
calls the system of equivalent particles we have been smdy- 
ing the * fundamental * system. Supermposed on this, he 
considers a general ‘ statistical ’ system of particles having 
the following pmperties : (i) Each particle of the statistic^ 
system has an acceleration, the expression of which is 
invariant under the Lorentz transformations connecting the 
co-ordinate systems of the observers travelling ^th the 
fundamental particles. (2) The development of the stati^ 
ticai system as a whole appears to be the same when view 
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from any fundamental particle. (3) The particles of the 
statistical system are not themselves equivalent in the 
sense of kinematical theory. These hypotheses yield for 
the acceleration of a particle of the statistical system the 
law 



The function G($) is arbitrary and defines the particular 
statistical system envisaged. It must, hbwever, be said 
that the rules (i), (2), (3) require only that G should be a 
function of the Lorentz invariants a®, F. The particular 

combination ^ follows from the additional assumption that 
the law (5.66) must not involve any arbitrary constant of 
the dimensions of length or of time. The combination ^ 
of and ZyF is the only one giving such a dimensionless 
argument for G. 

If then the acceleration (5.66) is really the gravitational 
law of motion in the universe, it should be possible to 
deduce from it the value of the gravitational constant y, 
known to be involved in this law. Consider for definite¬ 
ness the fundamental observer Aq at rest at the spatial 
origin of the co-ordinates (f, x) whose world-line is, by 
(5.31) with K=o, 

xr = o {r^ I, 2, 3). 

The co-ordinate t is therefore identical with Aq^s proper¬ 
time. Milne then shows that the motion (5.66) of a 
statistical particle near Aq appears to this observer to be an 
inverse square law acceleration provided that y varies 
directly with A^s proper‘■time t [or s^). Since A^ is any 
observer chosen arbitrarily, it follows that this result will 
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be true for any equivalent, or fundamental, observer in terms 
of co-ordinates and proper-time of the latter. The con¬ 
stancy of 7, assumed in Newtonian and Einsteinian gravita¬ 
tional theory, must therefore be an illusion. According to 
every fundamental observer, this quantity is proportional 
to the time since the expansion of the universe began. 

Since this conclusion is not entirely acceptable, Milne 
has tried to avoid it by showing that the law (5.66) can 
be reduced to an inverse square acceleration with a con¬ 
stant value of 7 by a change of proper-time variable. 
Effectively Milne argues that Aq, at any instant of his 
proper-time, uses a ‘ time ' t == log (0o) + ^0 for the 
measurement of gravitational accelerations. It can be 
shown that in terms of x the law of motion (5.66) reduces to 
a strictly Newtonian inverse square law acceleration in the 
first approximation. 

Some objections to this scheme are the following. In 
the first place, the presence of the particles of the statis¬ 
tical system is hypothetical: the existence of the funda¬ 
mental system in no way implies the existe^'ce of the 
accelerated particles also. A universe full of matter might 
therefore exist in which there would be no naturally occur¬ 
ring gravitational phenomena. In the second place, the 
argument by which G is made to depend on | alone is 
arbitrary. The cosmological principle indicates that G is 
a function of and Z^/x^^Y where and are 

‘ cosmical constants * whose physical significance is not 
very clear. Lastly, the hypothesis that an observer has one 
time-scale for cosmical, and another for gravitational, 
phenomena seems to disagree with the practice of terrestrial 
observers. 

Other investigators ^ have, on the one hand, rejected 
Milne’s narrow interpretation of the cosmological principle 
in terms of Lorentz transformations and, on the other 
hand, have frankly accepted the existence of 7 as a constant, 
of nature whose value cannot be deduced mathematically. 
The kinematical theories so constructed in curved space- 
times have proved compatible with the laws of gravitation 
of Newton and of Einstein. 
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In conclusion we caxi only say that the problem of 
gravitation in kinematical theory still awaits a completely 
satisfactory solution. 


CONCLUSIONS 

Summarizing the results of this chapter we may say 
that kinematical theory gives a simpler interpretation of 
co-ordinates than does general relativity. It accepts the 
expansion of the universe as a fact and therefore does not 
suggest contraction as an alternative possibility and it 
accounts for the recession of the nebulae with a velocity 
proportional to distance but in the same approximate 
manner as is found in the expanding universe theory. 
The time-scale on this theory is the short one of some lo® 
years. Kinematical theory definitely predicts an increase in 
the number of nebulae with Doppler shift of the same 
type as is observed. But the problem of gravitation 
remains largely unsolved although it is true that all possi¬ 
bilities in this connexion have not yet been investigated. 
Even if a gravitational theory comparable with that of 
general relativity is never attained, yet kinematical theory 
will have served the important purpose of showing that 
the rec^sion phenomenon is essentially distinct from the 
gravitational phenomena in the universe. 
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